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Basic formulae

Trigonometric functions

e/X = cosx + jsinx

sin?(x) + cos?(x) = 1

tan(x & ) = tan(x) % tan(y)

COSX =

1 F tan(x) tan(y)

e/X 4 o7/ el — 7/

2 Sinx = 2]

cos(x £ y) = cos(x) cos(y) F sin(x) sin(y)

sin(x £ y) = sin(x) cos(y) % cos(x) sin(y)

: N o (XY X—y 3 x+y x—y
sin(x) + sin(y) = 2 sin ( > ) cos ( 7 ) cos(x) + cos(y) = 2 cos ( 5 ) cos ( 5 )
sin(x) — sin(y) = 2 cos (X—;y)sin (x;y) cos(x) — cos(y) = —2sin (X—;y)sin (%)

Hyperbolic functions

X —x X _ a—X
cosh(x) = % sinh(x) = <—°—
: X _ a—X
tanh(x) = sinh(x) e e

arcsinh(x) = In (x + Vx?% + 1)
arccosh(x) = In (x + Vx2 — 1)

arctanh(x) = % In < 1+—X>

1—x
coshz(x) — sinh? x)=1
Signal characteristics

X = max x(t) — min x(t
prP = AX 0] oZin. )

1 T
XMEAN = ?/ x(t) dt
0

e

—0Q

tanhZ(x) + sechZ(x) =1

cosh(x) =~ e+ e ¥

14+ V1 +x?
arccsch(x) = In —

arcsech(x) = In (

arccoth(x) = % In < xt! >

x —1

1:l:\/1——-x2>
X

coch(x) — cschZ(x) =1

= max — min
XPTP 05n<NX[n] 0§n<NX[n:|

N—1
1
xpean = 7y 2. x(n]
n=0
oo
b= > xifx(x)

j=—o0



COLLECTION 1. BASIC FORMULAE

+oo
2= [ - m a0 i

—00

1 T
0

_ /2 2
=\/XMean T Xvar

1.1 Decomposition

Interlaced decomposition

fln] = fouln]+ fontiln]

with
fin] for n even
n|l=
Fanln] 0 for n odd
Even/Odd decomposition f) = f.(t) + fo(t) with

fln] = fe[n] + foln] with

N—1

1

2 2

XVAR = N1 Z(X[”] — XMEAN)
n=0

+oo
o2 = > (4 —u)flx)

i=—o0

| Nt
XRMS = \|N =1 % Xz[”]

_ /|2 2
= \/XMEaN T XUaR

0 for n even

fIn] for n odd

iy = FOL I

iy = FOED

_ ST + f1—n]
2
_ fIn] = fT-n]

2
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Collection TITEERLLLETY

The Fourier transform

Exponential Fourier Series

phi . 1 [7T/2 , 21
x()= > Cpefou Cp = ?/ ) x(t) e IOt dt W = k=
k=—oc0 =T/2

Trigonometric Fourier Series

A +oc0 +oo 2 T/2
x(t) = 70 + > Apcos(wyt) + > By sin(wyt) A =7 / T/2 x(t) cos(aot) dt
p pa -

9 [T/2
By == /_T/Zx(t) sin(oogt) dt

2
Ex i i i AO
ponential to trigonometric Co =3
A — jBk +
Ak =C/<+C—I< kEZ+ Ck: 2 kEZO
— + A iB
Bi=i(Ck—C) keZy C_y =% kezZ§
Trigonometric to exponential
Fourier Transform
1 +oo . +oo .
x(t) =7 X, (@) ! da X, (w) =/ x(t) e7I¥t dt
Properties
Given: Time-frequency symmetry
F
X(t) — 2mx(—w
«(0 L X(w) () (—w)
UE
y(t) = Y(w)
a,beR
k e Rq
Time /Frequency scaling
F 1 w
x(kt) — —X (—)
Linearity () |« k
F 1 t\ F
ax(t) + by(t) 2> aX(w) + bY () e (Z) 2o X(ka)



COLLECTION 2. THE FOURER TRANSFORM

Time /Frequency shifting
x(t = tg) > X(w) e~ %0

x(t) eTi%0t Ly X (6 — aog)

Time /Frequency differentiation

d
() 5 joX (@)

d
—jix(t) S X (@)

Parseval's theorem

%) 4o
/ x(t)y*(t) dt = %T 3 X (@)Y () dew

—00

+o0 too
/ x()|* dt = %/_w X (@) do

—00

Convolution /Multiplication
f
x(1)* y(t) = X ()Y (e)

X)L X (@) V(@)

Discrete-time Fourier Transform (DtFT)

o0

Xp(w) = Z x[n]e~JenTs

n=—oo

1 2 X JjeonTs g
x[n] == plw)e w
3 s

.
2

Shannon’s Time-sampling Theorem To be able to sample and reconstruct a signal with a maximum frequency content
of *cwpg one must ensure that the sampling frequency w, fulfills:

w, = 2wpg

Discrete Fourier Transform

1 I fs
xp[n] = ZOXp[k]e N
k=

N—1 2mkn
_ s
X [k]= > x,[n]e” /N
n=0

Properties of the DFT

Given:

xp[n] 2L X [K]

DFT
.yp[n] - Yp[k]
a,beR
u e [RO

Linearity
DFT
ax,[n] + by,[n] —— aX[k] + bY,[K]

Time-frequency symmetry

Xpln] o, Nx,[—k]

Cyclic Time /Frequency shifting

| 2mki
L L A P
2min
+j= DFT .
xp[n]le " N —— X [k —i]

Parseval’s theorem
N—1

N—1
> slnlyplnl = 1 > X,LKYsK]
k=0

n=0

N—1 2 g N )
HZO |xp[n]| =N ,<=Zo |Xp[k]|

Convolution /Multiplication
DFT
x[n]*y[n] =—— X[KIY[K]

(] x y[n] 20 X[k Y[K]
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Conversion Diagram

27l 5 ()

Xalk]

N

AN

Analysis windows
Rectangular window Bartlett window
fo<n<N

otherwise ty[n] =

Hann window Hamming window

05— 05cos (22) fOSn<N—1 0.53836 — 0.46164 cos (
hny[n] = N . hmp[n] =
otherwise
Blackman window . .
OAZ—QSms«E)+OOMm(1U FO<n<N—1
bmy[n] = N N
0 otherwise
Kaiser windows
/0<mx 1—(%”—1)2>
= A U fo<n<N —
ky[n] = P ifO<n<N-—1
0 otherwise
with Iy the zeroth-order modified Bessel function of the first kind:
io X2k
WG =14> %
2% (k1)°

fFO<n<N/2
FN/2<n<N-—1

otherwise

2mn

ifO<n<N-—1
N =nz=

)

otherwise

DSP-ST-2024-3.10-TB

Digital Signal Processing — Signals & Transforms — Formula Collection



6 COLLECTION 2. THE FOURER TRANSFORM

Nuttall window , . .
mn mn mn
ag—ajcos(— ) +a cos(—)—a cos(—) ifO<n<N-—1
nay[n] = o ( N ) 2 N 3 N
0 otherwise
with
ag = 0.355768 a; = 0.487396 a, = 0.144232 a; = 0.012604

Blackman-Harris window s ) .
mn mn mn
ag—ajcos( — | +a cos(—)—a cos(—) ifO<n<N-—-1
th[n] = 0 ! ( N ) 2 N 3 N
otherwise
with
ag = 0.35875 a; =0.48829 a, = 0.14128 a; = 0.01168

Blackman-Nuttall window , . .
mn mn mn
ap—a cos(—)+a cos(—)—a cos(—) ifO<n<N-—-1
bnay[n] = o N 2 N 3 N
0 otherwise

with
ag = 0.3635819 a; = 0.4891775 a, = 0.1365995 a; = 0.0106411

Flat top window

fty[n] = [

2mn 4mn 6mn

ao—a1cos(T)+a2cos(%) —a3COS(T)+a4COS(8—;\T) ifO<n<N-—1
0 otherwise

with

ag =1 a; =193 a, =129 a; =0.388 a, =0.032

University of Antwerp — TI



Collection

Sampling, Quantization and Reconstruction

Low-pass sampling

Band-pass sampling

w, > 2wp. 200 +wg - 200~ @p
—_ S —
n41 n
Ws nl @s nU
Reconstruction
1/T, if t € [0, T,
woby < | /T [0.7;]
0 if t ¢[0,T,]
T.\ -5
ZOH(w) = sinc <%> e /72
Quantization
N-bit mid-rise quantization N-bit mid-tread quantization
05+ %] ) |5 +05] )
s A . X o A . X
X = TXmax with A= $ X = mxqu with A= 2ijx1
Uniform quantization error model
A 2 2
ola = V2 PSDy () = 1260, PSM,[k] = 5
ADC and DAC Static performance
max |ty —t_1 — A
Offset DNLppe = kl k — k—1 I
>, (= k4) DNLe,. — MaX e — e~ — 4
Eoffsetanc = — N —7 DAC A
>, (re — (k+0.5)4)
Eoffset,D/-\C = oN
Integral nonlinearity (INL)
Full-scale gain error
EFSG,ADC = f2N—1_] - f_2N—1+1 - (2N - Z)A INL maxk(tk —_ l(A) —_ mink(tk - kA)
ADC =
Ersapac = N—1_y = r_on—1 = (2V =14 4 :
' max, (r, — (k+ 0.5)A) — min,(r, — (k + 0.5)4)
INLpac =

Differential nonlinearity (DNL)

ADC and DAC Dynamic performance

A



COLLECTION 3. SAMPLING, QUANTIZATION AND RECONSTRUCTION

Signal-to-noise ratio (S/N)
2
VRMS,signaI
S/N=g——
v .
RMS, noise

Total harmonic distortion (THD)
+00 1,2

THD = =5

RMS, signal

i=2 VRMS,i

Signal-to-noise-and-distortion ratio (SNAD)
2
VRMS,signaI

SNAD =
2 Foo 2
Vims noise T 2ien VMs i

Spurious Free Dynamic Range

2
signal
SFDR = ————
Max;>y V7
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The Laplace transform

Laplace transform

o+ joo .
x(t) = %ﬂ_] / X(s) e ds X(s) = / x(t) et dr

o— joo —o0

One-sided Laplace transform

o+ joo .
x(t) = ZLTTJ / X(s) e ds X(s) = / x(t) et dr

o— joo -

Lemma: convergence of the Laplace transform

For any signal x(t) that is

1. causal,
2. piecewise continuous on the range t € [0, f5], and

3. exponentially bounded otherwise, i.e.

3tg. M, a € RVt >tq: [x(t)] < Me™,

the corresponding Laplace transform X(s) = .L(x(t)) converges for <s > a.

Properties
Given: Time /Frequency shifting
x(t) S X(s) x(t — tg) > X(s) ™0
MORS(® X(B)e*o! 2 X(s = 50)
a,beR
ke Rg

Time /Frequency differentation

and x(t) and y(t) are causal. d L
Ex(t) — sX(s) — x(0)

d
—ix(r) & 2X6)

Linearity
ax(t) + by(t) N aX(s) + bY(s)
Time /Freqency division
Time /Frequency scaling x(t) L [
Lo s — —»/ X(u)du
X(kl’) - mx (;) t s
t

1 t\ L / L X(s)

—x(=-) = x(u) du = ——=

|k|x(k) X(ks) o (v) S



10 COLLECTION 4. THE LAPLACE TRANSFORM

Convolution /Multiplication Initial /Final value theorem
X * (1) = X)) K(0) = Jim X()
NOOER ZL X(s)*Y(5) Jim x(r) = lim sX(s)
mJ
Laplace transform of a periodical function
f(t) is periodical with period T L @(s)
L > fO) = F6) =157
¢(1) = (u(t) — u(t = T))f(t) — @(s)

Common transform pairs

W) S X()
5(1) £ 1
u() X %
t-u(t) L Siz
R -
tP - u(t) L %
e u(n) = s —;— a
sin(at) - u(t) i ﬁ
cos(at) - u(t) 2 ﬁ

University of Antwerp — Tl
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The Z-transform

Z-transform
Given a time-domain signal x[n], we can calculate a frequency domain representation X(z), the Z-transform of the
signal, from which the original time-domain signal can be recovered by inverse transformation:

eaTs+j7T oo

_ 1 n—1 _ —n
gy g e xS o

One-sided Z-transform
Given a causal time-domain signal x[n], we can calculate a frequency domain representation X (z), the Z-transform
of the signal, from which the original time-domain signal can be recovered by inverse transformation:

1 o s+jm 400
x[n] = — X(2)z2" dz X(z) = x[n]z"
()= 507 | e X@ @)= 2 n]
Lemma: convergence of the Z-transform
For any signal x[n] that is
1. causal,
2. bounded for n € [0, N], and
3. exponentially bounded otherwise, i.e.
M e R3IN € N, Vn> N : |x[n]| < M",
the corresponding Z-transform X (z) = Z(x[n]) converges for [z] > M.
Properties
Given: Time shifting
Z
x[n] 2 X(2) x[n—ngl = 270X (2)
Zz z no—1
yin] = V() [+ o] > 270 (X &= > sz_,->
a,beR i—0
no (S H\IO

Time reversal

Linearity —n i X (7!
ax[n] + by[n] z aX(z) +bY(2) [=n] )

Z-scaling Time difference n
Z Z z z'0—1
a"n] S x (2) x[n] = x[n = no] & =X (2)
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COLLECTION 5. THE Z-TRANSFORM

Z-Differentiation

z  dX(z)
nx[n] —_ —Zd—Z
Summation N
(0] —n
L 2 z2—Z2 0
Zx[n —i] = —X(©)
: z—1
i=0
+oo z z
Zx[n —i] = —]X(z)
i=0 =

Common transform pairs

Convolution
x[n]*y[n] 2 X(2)Y (2)

Initial /Final value theorem
x[0] = lim X(z)
z—00

lim x[n]=lim (z —1) X (2)
n—-4oo z—1

Arbitrary value theorem
n—1

A= Jim & (X@ - 2

i=0

Z
x[n] - X(@)
8n] Z 1
u[n] Z ﬁ
Z Z
nu[n - —_—
[n] =17
9 z Z(z+1)
n“uln - _
[n] =1
2
4 1
n3u[n] z 22+ z;l— )
(z—=1)
n Z az
na - e
(z — a)?
Z Z
e
a" Z 2
— = ez
n!
. Z zsina
sin(an)u[n] — P B F——
Z z(z — cos a)
cos(an)u[n] R S———
. Z zsinha
h - —
sinh(an)u[n] 7 orcoshat
— cosh
cosh(an)u[n] Z 2z — cosha)

72 — 2zcosha + 1

|

University of Antwerp — Tl









	Basic formulae
	Decomposition

	The Fourier transform
	Sampling, Quantization and Reconstruction
	The Laplace transform
	The Z-transform

