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Discrete Calculus

Solution 2.2.2-1: The solution is:
df
d—[x]=[7, 5, -5, 3, -2, @ 3, -2, 1, 1, 6]
b

Solution 2.2.2-2: The solution is:

d
d—j;[x]=[3.5, 1, -5 -1, 0.5, , -2, 05, =05, 1, 35 3]

Solution 2.3.2-1: The solution is:
d2f
@[x]z[Z 12, 0, 8 -5 -5, , 53,0, 5 -6 0, 0

Solution 2.3.2-2: The solution is:

d?f
@[x]:[z -12, 0, 8, -5, @ 10, -5, 3, 0, 5, —6]

Solution 2.4.2-1:

(f“*g)[x]=[6.8, 6.66, 42.85, —47.13, , —40.94, 60.86, —60.97,

—-37.46, —11.29, 29.33, -10.2, 1.5]

Solution 2.4.2-2:

<f*g>[x]=l72.21, —98.83, 87.81, , —489, 34.02, —-90.73, —11.13,

58.34, 36.92, —-35.26, 7.48, —3.36]

Solution 2.8.3-1:



CHAPTER 2. DISCRETE CALCULUS

&x[x,y]

8ylx, Y]
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Solution 2.8.3-2:

&x[x,y]

8ylx, Y]

0.45/0.30]0.50

0.30

0.05

0.25

0.00-0.20-0.20

0.00

—0.40

-0.05

—0.13-0.253-0.150.15|0.00

—0.10

0.45

—0.10

0.20~0.050.10-0.050.05

0.00

0.30

0.05

—0.20-0.153-0.30-0.45-0.50-0.20-0.50-0.15

Solution 2.8.3-3:

V2f(x,y]

Solution 2.8.3-4:

Y

+0.100.20-0.150.15|0.10 -0.1Q

0.05~-0.20-0.200.20 -0.10-0.25

0.25/0.25+~0.150.00|0.15|0.15+-0.20-0.35

0.00(0.25|0.10-0.250.201-0.18-0.190.35

0.00~-0.300.00/0.20-0.30-0.200.15|0.15

Y

0.30{0.15~0.100.20 -0.20-0.45

—0.100.05|0.00 -0.45-0.05-0.05

0.45|0.05+~0.20-0.050.10{0.00 ~0.2%-0.05

0.15/0.10{0.30|0.20 ~0.250.00 -0.0%-0.50

0.40-0.0%-0.20-0.100.15|0.25 -0.20-0.35

1.4 (-0.7/ 00|13 |-09( 04 |-2.1| 1.2
04|14|-15/03|15|-24|28|-1.3
-0.6/-1.2| 1.7 |-1.2|-0.6| 1.0 |-0.0|-0.2
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V2f[x,y]

1.3 |-2.3/ 0.6 |-0.8|-2.5| 0.2

-1.8/ 09 |-2.2| 0.1 | 1.7 [-1.4

1.6 |-2.2| 2.1 |-0.2| 2.8 |-1.6| 1.6 | 0.1

-0.7/ 1.5 |-0.6|-1.1|—2.4| 1.8 |-2.5| 0.3

-0.8|-2.0 0.2 |-0.1| 1.3 |-1.5|-0.8|-0.2

DIP-2024-3.11 Digital Image Processing — Solutions to the Exercises
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Sampling and Resampling

Solution 4.4.4.1-1:  The matrix A is composed by filling the columns with the coordinates of
the new basis vectors (in terms of the old basis vectors). Therefore:

03 =2
A=
[ -0.8 3 ]
The point with coordinates (3,2) is transformed to new coordinates (1, v) according to:
u | 4 31 | 03 -2 31 | -31
v | 2| | -08 3 2| | 36
The transformation matrix related to the inverse transformation is A~1:

a1 _ | 4286 2857
| —1.143 —0.429

And indeed:
x| e -31 | | —4286 -2.857 =31 |3
y 3.6 —1.143 —0.429 3.6 2

Solution 4.4.4.1-2: We start by writing the coordinates of the new basis vectors as columns of
the matrix A below:
1 -05
A=
1 2

Using this matrix, we can determine the coordinates of T(—0.5, —1):

MRS L

This has been illustrated in the picture below:
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(u,v) =T(x,y)
(=0.5,-1) Gy

(0,-2.5) .
ey A

x >

Solution 4.4.6-1:  The transformation matrix is easily determined to be:

1 -05 15
T=|1 2 1
0 0 1
And therefore:
u -0.5 15
v |=A-| -1 |[=] =15
1 1 1

This has been illustrated in the picture below.

(=0.5,-1)
0 B ¥,
) v
(u,0) 5T, y)| " R
- ev
Cy e \
(1.5,-1.5) o /511)‘.'"“
AN
x,u €y

Solution 4.4.6-2: The rotation, shear and translation matrices have been listed below, as T,, T,

T;, respectively:

cos(-F) —sin(-Z) 0 120 101
T,=|sin(-%) cos(-Z) 0 T,=(0 1 0 T,=|0 1 2
0 0 1 00 1 001
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We need to execute T; o T, o T, and therefore the total transformation matrix becomes:

1] [1 2 0 _cos(—g) —sin(—z) 0
2.0 1 0of- sin(—g) cos(—z) 0
01 0 0 1] [ 0 0 1
[—1.23205 1.86603 1]
= | —0.86603 0.5 2
0 0o 1]

[1 0
T=T,-T,-T,=|0 1
0

Applying this transformation to the points (0,0) and (—1,4) yields:

[—1.23205 1.86603 1] [0] [1
(0,0) —» | -0.86603 05 2|-|0|=|2
0 o 1] [1] |1
[—1.23205 1.86603 1] [-1] [9.6962
(-1,4) — | -086603 05 2|-| 4 | = [4.8660
0 o 1] |1 1

DIP-2024-3.11 Digital Image Processing — Solutions to the Exercises
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Quantization and Requantization

Solution 5.2.3-1:  Let’s start by calculating the interval size:

Xmax = Xmin _ 12V = (=02V) _ 14V

Ax = N o8 5g = 5.468 7mV
Then, let’s determine in which interval 0.6 V is located:
— X 6V —(=02V
o= X ¥min _ 06V = (Z02V) )09

Ax 5.4687mV

Therefore x is located in [14¢. The corresponding binary code is 0b10010010 or 0x98 in
hexadecimal notation.

The voltage corresponding to interval number 100 is calculated as:

x = (=0.2V +100.5Ax) + 0.5Ax
=(-02V +054961V) £+ 0.00274V
=0.34961V +0.00274V

Solution 5.2.3-2:  Let’s start by calculating the interval size:

Xmax = ¥min _ 15V = (15V) _ 3V

Ax = N 10 = 1004 = 2.9297mV
Let’s now map 0V to its specific interval:
—Xmin OV —=(=15V
p= P Y10V 5y

Ax 2.9297mV

This means that 0V lies spot on the boundary of two intervals, i.e. 511 and 512. With equal
probability the converter will judge it to be in one of those two intervals. A proper

reconstruction value will therefore be +Ax or —Ax (depending on how your DSP rolls its dice).

The voltage corresponding to interval number 314 can be found as:

x = (=1.5V 4+ 314.5Ax) + 0.5Ax
= (-1.5V +0.92139V) +0.00147V
= —-0.57861V +0.00147V
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Solution 5.2.3-3:  The mapping is as follows:

(4094 4095 4095

ov 3V

From this drawing, the interval size can be determined, noting that the interval from 0 to 3V is

divided in 4096 intervals:
_3V-0V

A= 09
A value of 2000 corresponds to an input voltage x in the following range:

= 73242 uV

2000Ax < x < 2001Ax

Therefore:
x = 2000.5Ax + 0.5Ax

=1.4652V 4+ 0.0004 V
Solution 5.2.3-4:  Submit your solution to your lecturer. He will be happy to check it for you.

The image negative:

glx,yl y

90 (202 |100| O | 40 | 107

Solution 5.4.2.1-1:
82 | 74 |255|166| 43 | 117

93 (195|138 | 86 [190| O

255|225 | 86 |149| 99 |187

glx,y] y

The threshold transformation:

h[x/]/] y h[x’y] 3/

255 | 0 |255|255 (255|255

2551255 0 | 0 |255]255 X

255| 0 |255|255| 0 |255

0 | 0 [255|255|255| O

University of Antwerp —TI



11

The log transformation:

klx,y]

Yy

235|183 | 232 | 255 | 247 | 230

v |23712391 0 |207 247|227
2341189

219|236 | 193 | 255

0 |158|236 215|233 |195

The inverse log transformation:

plx,y]

Y

35| 2 | 28 |255|106 | 24

v| 42501016 (9 19
33| 3

12 | 38 | 3 |255

0| 1138|929 3

The gamma transformation with 7y = 4:

qlx,y]

Y

45 | 0 | 35 (255|129 29

cv| 9465 0 | 4 1122] 22
42 | 1

11 |49 | 1 |255

0] 01[49| 8 |36 |1

The contrast stretching transformation:

rlx,y]

Y
207 | 11 | 196 | 245 | 236 | 187
xv|2141220) 0 | 68 | 235|173
204 | 18

1321210 | 24 | 245

0 | 1 |210]107|197| 28

k(x,y]

-

plx,yl

N

qlx,y]

N

rlx,y]

y

DIP-2024-3.11
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12 CHAPTER 5. QUANTIZATION AND REQUANTIZATION

The image negative:

glx, vl y

1741133 | 116 | 199 | 152 | 95

Solution 5.4.2.1-2:
225192 | 71 |228|141 | 58

15 | 116|122 | 227 | 162 | 17

90 | 90 | 2 |239| 60 | 7

glx,y] y

The threshold transformation:

hx,y] y hlx,y] y

0|]0]| 0|0/ 0 |25

0 [255(255| 0 | O |255 X

255 0 | O | O | O |255

255255255 | 0 |255 255

The log transformation:

kix,y] y klx,y] y
203 | 221 | 227 | 186 | 214 | 234
x 158 | 235 | 240 | 153 | 218 | 243 x
252 227|225 | 155 | 209 | 252
235|235 | 255|130 | 243 | 254
The inverse log transformation:
plx,y] Y

plx,y] y

1 (34|54 |1 |11]|72

184120 | 17 | 1 7 1176

35|35 (244 | 0 | 68 | 219

University of Antwerp —TI
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The gamma transformation with y = 4:

qlx,y] y qlx,y] Yy
161|190 | 200 | 139 | 177 | 212
vv | 1081213224 1104 | 185 | 230 x .
249|200 | 197 | 105 | 170 | 248
214|214 | 254 | 84 | 229|252
The contrast stretching transformation:
rlx,y] y

r[x,y] Y

64 | 110126 | 35 | 89 | 144

11 [147|161| 9 |101|169 X

190|126 {121 | 10 | 78 | 189

148 | 148 | 195| 3 | 168|193

Solution 5.4.2.1-3:  The standard intensity transformations” formulae have been composed
such that they generate a range from 0 to L — 1. Scaling them to output a range from 0 to M — 1
is simple. Just multiply them with a factor (M — 1) /(L — 1) before quantization.

Let’s demonstrate this for the image negative. I'm sure you will be able to work out the other
ones yourself.

The original transform is:
Queg :m=L-1-1

After scaling, it becomes:
M-1
Qnegm:ﬁ(L—l—l)

Solution 5.4.2.1-4:  To avoid spoiling your search, no solution is given here. Send yours to the
lecturer. He will be happy to comment on it.

Solution 5.4.2.2-1: The table below shows the result. Using a spreadsheet makes the
calculations most easy.

DIP-2024-3.11 Digital Image Processing — Solutions to the Exercises



14 CHAPTER 5. QUANTIZATION AND REQUANTIZATION

[ n fi(D) F;(I) 15 - Fy() m
0 36  0.09 0.09 1.35 1

1 32 0.08 0.17 2.55 3

2 25  0.06 0.23 3.49 3

3 20 0.05 0.28 424 4

4 17 0.04 0.33 4.88 5

5 14  0.04 0.36 5.40 5

6 16  0.04 0.40 6.00 6

7 17 0.04 0.44 6.64 7
8 18  0.05 0.49 7.31 7
9 19 0.05 0.54 8.03 8
10 23 0.06 0.59 8.89 9
11 57 014 0.74 11.03 11
12 37 0.09 0.83 1241 12
13 30 0.08 0.90 1354 14
14 25 0.06 0.97 1448 14
15 14 0.04 1.00 15.00 15

You might also want to try the same in MarLaB/OcTAvE.

1 =1[ 36 32 25 20 17 14 16 17 18 19 23 57 37 30 25 14 ];
f 1/ sum(1l);

F cumsum (f) ;

m round( 15 * F );

Alternatively, one might use the histeq function.

Solution 5.4.2.2-2: The table below shows the result. Using a spreadsheet makes the
calculations most easy.

University of Antwerp —TI
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[ n fi(D) F;(I) 15 - Fy() m
0 1 0.00 0.00 0.04 0

1 11  0.03 0.03 0.45 0

2 21  0.05 0.08 1.24 1

3 31  0.08 0.16 2.40 2

4 41 0.10 0.26 3.94 4

5 35  0.09 0.35 5.25 5

6 31  0.08 0.43 6.41 6

7 21 0.05 0.48 7.20 7

8 11  0.03 0.51 7.61 8

9 1 0.00 0.51 7.65 8
10 11  0.03 0.54 8.06 8
11 21  0.05 0.59 8.85 9
12 31 0.08 0.67 10.01 10
13 41 0.10 0.77 1155 12
14 51 0.13 0.90 1346 13
15 41 0.10 1.00 15.00 15

You might also want to try the same in MaTtLAB/OCTAVE.

85 m H
I

[ 1 11 21 31 41 35 31 21 11 1 11 21 31 41 51 41 1;
1 / sum(1);
cumsum (£) ;
round( 15 * F );

Alternatively, one might use the histeq function.

Solution 5.4.2.2-3: The mapping of both histograms onto the unrounded uniform intensities

can be found in the solution of the previous exercises. Based on these results we create a

distance table.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 0.04 0.45 1.24 2.40 3.94 5.25 6.41 7.20 7.61 7.65 8.06 8.85 10.01 11.55 13.46 15.00
0 1.35 1.31 0.90 0.11 1.05 2.59 3.90 5.06 5.85 6.26 6.30 6.71 7.50 8.66 10.20 12.11 13.65
1 2.55 2.51 2.10 1.31 0.15 1.39 2.70 3.86 4.65 5.06 5.10 5.51 6.30 7.46 9.00 10.91 12.45
2 3.49 3.45 3.04 2.25 1.09 0.45 1.76 2.93 3.71 4.13 4.16 4.58 5.36 6.53 8.06 9.98 11.51
3 4.24 4.20 3.79 3.00 1.84 0.30 1.01 2.18 2.96 3.38 3.41 3.83 4.61 5.78 7.31 9.23 10.76
4 4.88 4.84 4.43 3.64 2.48 0.94 0.38 1.54 2.33 2.74 2.78 3.19 3.98 5.14 6.68 8.59 10.13
5 5.40 5.36 4.95 4.16 3.00 1.46 0.15 1.01 1.80 2.21 2.25 2.66 3.45 4.61 6.15 8.06 9.60
6 6.00 5.96 5.55 4.76 3.60 2.06 0.75 0.41 1.20 1.61 1.65 2.06 2.85 4.01 5.55 7.46 9.00
7 6.64 6.60 6.19 5.40 4.24 2.70 1.39 0.23 0.56 0.97 1.01 1.43 2.21 3.38 4.91 6.83 8.36
8 7.31 7.28 6.86 6.08 4.91 3.38 2.06 0.90 0.11 0.30 0.34 0.75 1.54 2.70 4.24 6.15 7.69
9 8.03 7.99 7.58 6.79 5.63 4.09 2.78 1.61 0.83 0.41 0.38 0.04 0.82 1.99 3.53 5.44 6.98
10 8.89 8.85 8.44 7.65 6.49 4.95 3.64 2.48 1.69 1.28 1.24 0.83 0.04 1.13 2.66 4.58 6.11
11 11.03 10.99 10.58 9.79 8.63 7.09 5.78 4.61 3.83 3.41 3.38 2.96 2.18 1.01 0.52 2.44 3.98
12 12.41 12.38 11.96 11.18 10.01 8.48 7.16 6.00 5.21 4.80 4.76 4.35 3.56 2.40 0.86 1.05 2.59
13 13.54 13.50 13.09 12.30 11.14 9.60 8.29 7.13 6.34 5.93 5.89 5.48 4.69 3.53 1.99 0.08 1.46
14 14.48 14.44 14.03 13.24 12.08 10.54 9.23 8.06 7.28 6.86 6.83 6.41 5.63 4.46 2.93 1.01 0.53
15 15.00 14.96 14.55 13.76 12.60 11.06 9.75 8.59 7.80 7.39 7.35 6.94 6.15 4.99 3.45 1.54 0.00

The mapping from [ to m can now be found by finding the minimum in every row. The

mapping from m to I can be found bin finding the minimum in every column. This leads to the
following table:

DIP-2024-3.11

Digital Image Processing — Solutions to the Exercises
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CHAPTER 5. QUANTIZATION AND REQUANTIZATION

From!/ 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Tom 2 3 4 4 5 5 6 6 7 10 11 13 13 14 15 15

And vice versa:

Fromm 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Tol 0 0 01 357 8 8 8 9 10 11 11 13 15

In MatLaB/OcravE it would not be wise to compose the large distance matrix. For a 4-bit
quantization this is still feasible, but the matrix grows with the square of the number of
quantization levels. We can exploit the nature of the matrix. Fact is that every row and every
column of the matrix is monotonically increasing. Therefore, we can use the histc function.
The solution contains quite some fiddling to make it robust. Try building your own solution
without the fiddling and see where it goes wrong. Based on that result, you will understand
the fiddling.

% calculate the mapping of 1 to a uniform histogram

1

£l
F1
11

[ 36 32 25 20 17 14 16 17 18 19 23 57 37 30 25 14 ];
1 / sum(l);

cumsum (f1);

15 * F1l;

% calculate the mapping of m to a uniform histogram

m
fm
Fm
mm

[ 1 11 21 31 41 35 31 21 11 1 11 21 31 41 51 41 1;
m / sum(l);

cumsum (fm) ;

15 * Fm;

% determine the mapping from 1 to 1lm
[ N, idx ] = histc( 11*(1-eps), mm); % factor l-eps to avoid 16th bin

idx

= idx + (idx == 0); % avoid Oth bin

enclosing(1,:) = mm(idx) - 11;
enclosing(2,:) = mm(idx+1) - 11;

idx

1m

= idx + ( sum(enclosing) < 0 );
= idx - 1; % binl corresponds to 0, bin2 to 1, a.s.o.

% determine the mapping from m to ml
[ N, idx ] = histc( mm*(1l-eps), 11); % factor 1-eps to avoid 16th bin

idx

= idx + (idx == 0); % avoid Oth bin

enclosing(1,:) = 11(idx) - mm;
enclosing(2,:) = 11(idx+1) - mm;

idx

ml

= idx + ( sum(enclosing) < 0 );
= idx - 1; % binl corresponds to 0, bin2 to 1, a.s.o.

Alternatively, one might use the histmatch function.

Solution 5.4.2.2-4:  Send the picture and the mapping table (e.g. in a spreadsheet), or your
MatLas/Ocrtave code to your lecturer. He will be happy to check it for you.

Solution 5.4.2.2-5:  Send the picture and the mapping table (e.g. in a spreadsheet), or your
MatLaB/Ocrtave code to your lecturer. He will be happy to check it for you.

Solution 5.4.2.2-6: Send the pictures and the mapping table (e.g. in a spreadsheet), or your
MaTtLaB/OcTavE code to your lecturer. He will be happy to check it for you.

University of Antwerp —TI
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Solution 5.4.3.2-1: The result of applying the Min-filter:

fmin[x/y] y fmin[x/y] y

13|01 0|0 |11|11]11|76
13|01 0|0 |11|11]11|76
13|01 0] 0|15|15|21|21
31(28(25(25|25(48|21 |21

The result of applying the Median-filter:

fmed[x’ ]/] Yy fmed[x/ ]/] Y

102| 86 |103|103(103| 76 | 94 | 94
6186|194 |86|60|76[139160
31|31(34|34|60|76|160/160
61|94 (12590 |166(175|187|190
47|99 125| 99 (187|115(175(175
47|99 |125|199(209|115|175(198

The result of applying the Max-filter:

Smax[%, Y1 y Fmax [, Y] y

106(106|255|255|255|147(160(160
230(230|255|255|255(190(199(199
241/241|241|103|187]190{199(199 .
241(241|241|240|255|255(255(237
241|241(244|244/\255(255|255(237
125(199|244/|244(255|255(255237

Solution 5.4.3.2-2:  The result of applying the Min-filter:

fmin[x/y] y fmin[x/y] y

59158|58|58]|67
0 [50|50|28 28|28

oco|lo|o|]Oo|Oo| O
N
[¢9)

S|l ||| O| O

DIP-2024-3.11 Digital Image Processing — Solutions to the Exercises



18 CHAPTER 5. QUANTIZATION AND REQUANTIZATION

The result of applying the Median-filter:

fmed[x/y] Yy fmed[x/y] Y

114(124({164|77 |77 | 66 | 76 | 57
97 (114/120| 77 | 77 |104| 81 | 67
97 (140/159|120(120(152(152| 76
78 136(140({140(111|154|130| 81
0 [130{136|79 | 50|79 |108| O

The result of applying the Max-filter:

Frnax[%, Y1 y Frnax[%, Y] y

208(208|255|255|255(110{110(104
208|223(255|255|255(231|231(152
203|223(223|223|250{250{250(152
207|223(223|223|255(255|255(154
207|207|215|235(255/255|255(181
207|207|215|235|255/255|255(181

Solution 5.4.3.2-3:  The following code will do the trick:

a = [ 102 106 86 255 147 11 139 94 ;
19 13 0 103 15 43 76 160;
61 230 94 25 60 166 190 199;
31 241 28 34 90 187 48 21;
a7 125 199 240 209 255 175 237;
0 125 99 244 4 115 47 198 1;

subplot(2,2,1);

imshow( mat2gray( a ) );

title( 'original' );

mina = ordfilt2( a, 1, ones(3,3), 'symmetric' )
subplot(2,2,2);

imshow( mat2gray( mina ) );

title( 'result_of Min-filter' );

meda = ordfilt2( a, 5, ones(3,3), 'symmetric' )
subplot (2,2,3);

imshow ( mat2gray( meda ) );

title( 'result_of Median-filter' );

maxa = ordfilt2( a, 9, ones(3,3), 'symmetric' )
subplot(2,2,4);

imshow ( mat2gray( maxa ) );
title( 'result_of Max-filter' );

Adapt the code above for the second exercise yourself.

Solution 5.4.3.2-4:  Send your results to the lecturer. He will be happy to check it.
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Solution 5.4.3.3-1:

(left) and zero padding (right):

gs[x,y]

Y

LeNER

87198

121|186(162

111,57

56

117/109|104(137|139

135(109

113

166(130| 85 | 94 |106

148

127|125

143(136

116|97 123

169|156

120

98|95

84|97 (120

145(102

58

34 | 44

54|91 (127

132| 82

41

Y

38

62

64 [108| 98

72

37

23

75

109

104(137|139(135[109

73

106(130| 85 | 94 [106|148|127

91

100

136

11697 (123

169

156

95

67

95

84 |97 (120

145

102

52

25

38

46 | 62|88

93

64

24

The result of applying the moving average filter with symmetric extension

Solution 5.4.3.3-2:  The result of applying the Laplacian filter with symmetric extension (left)
and zero padding (right):

hs(x,y] y heylx,y]
187 | 548 |-876|—617|-612| 155 | 285 | —36 -138¢-1324-1191-194| 106 (—331
LV |~782| 666 | 934 | 957 |-919| 964 | 673 | 207 . 934 | 957 |-919| 964 | 673 |-152
507 |-827| —37 | 427 |~169|-456-1013-757 —39 |-827| —37 | 427 |~169|-456{-1013-106(
—802|-112|-133| 323 | —22 | 629 |-788|1043 -1190-112(-133| 323 | —22 | 629 |-788| 819
467 |-405|-161| —81 | 304 |-991|-402| 423 189 |-405-161| —81 | 304 |-991|-402| 365
306 | 67 | 315|701 |-931| 257 | 600 | —16 223 | 11 | 246 | 439 1277 -91 | 439 |-171
Solution 5.4.3.3-3:  Correlation yields:
(fFemix,y] y
70.40 |-143.62| -36.33 | 19.23 |421.92| 75.06 |336.61 | 47.35
xv |287.84|250.70 | 172.98 |-121.51] 37.27 | —84.20| 98.42 | 165.36
-112.76| 216.63 | —27.40 | 467.19 | —29.59| 411.26 | 51.21 |-80.16
126.04 | 156.18 |-142.25/ 101.59 | 96.31 | 0.73 |319.58 | 19.61
90.34 | 161.21 | 483.99 | -75.73|149.98 | 49.89 |259.90 | 131.65
—121.31 203.65 | 343.54 | 84.41 |-162.95 85.57 |178.83 | 346.05

Convolution yields:

DIP-2024-3.11

Digital Image Processing — Solutions to the Exercises



20 CHAPTER 5. QUANTIZATION AND REQUANTIZATION

(f*xh)[x,y] y

—78.95|-71.87|—-64.79| 492.84 | 188.48 | 488.99 | —8.95 | -10.75
289.22 | 28.34 |-272.50| 88.28 | 70.72 | 241.76 | 203.06 | 136.31
144.43 1 120.73 | 497.79 | =5.23 | 255.52 |-149.96| 139.52 | —64.67
83.88 |-153.53/123.58 | 86.51 | 36.62 | 436.63 | 98.28 | 163.88
274.28 | 337.79 |-111.87] 201.64 | —78.12| 260.64 | 124.95 | —86.47
—-14.28 | 324.76 | 62.84 | 92.71 | 78.76 | 73.18 |352.77 | 177.66

These intensities extend beyond the range 0 to 255. In many cases it makes sense to remap the
range of the resulting image to the valid range of 0 to 255. Doing so yields:

(fﬁh)sculed[xr y] y (fﬁh)scaled[xl }/] Yy

92| 8 [50|72|231|94|197| 83
178|163|132| 16 | 79 | 31 (103|129
20 [150| 53 |248| 53 [226| 84 | 33
114(126| 8 [104(102| 65 |190| 72
100(128|255| 34 |123| 84 (167|116
16 |145200{ 98 | 0 |98 |135|201

(f*h)scalzd[xr y] y (f*h)scaled[xl y] Yy

64 | 66 | 69 |253(153(252| 87 | 87
186(100| 0 |119|114{170(157|135 x
138(130|255| 88 |175| 41 |136| 69
118|39 |131|119(102|235|123|144
181|202| 53 [157| 64 |176(132| 62
85 (198(111(121|116(114|207|149
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Light and Color Modeling

Solution 6.1.4-1: The rays that are targeted on point F leave the reflector under an angle of 30°.
Under that angle, the luminous intensity I,, amounts

I, = 1500 cd.

The distance between L and F can be calculated using basic trigonometry:

LF| = |LL'|
"~ cos 30°

The radial flux density at F amounts to:

=2.3094m

0P,

Fox = Ga
99, A0
T 90 0A

_ 1
*ILF?
= 2811x

However, we still need to correct for the fact that the same flux needs to cover more area, i.e.
the correction for the observation angle. This is the angle between the normal on the surface and
the incident light waves. This angle can be calculated to be 30° (by coincidence equal to the
emission angle of the light waves that are considered), i.e.

E,s =E,r-cos30° = 243.57 Ix

Solution 6.1.4-2: The rays that are targeted on point F leave the reflector under an angle of 30°.
Under that angle, the luminous intensity I, amounts

I, = 2500 cd.

The distance between L and F can be calculated using the generalized sine rule for arbitrary
traingles:
sin F _ sinL _sin r

ILL'| — |FL'| = |LF|

Therefore: ~
sinL’
ILF| = |LL'| -
sin F
sin 105°
sin 45°
= 1.3660m

=1m

21



22 CHAPTER 6. LIGHT AND COLOR MODELING

The radial flux density at F amounts to:

EU,R =

9P, 00
00 0A

1
" ILFP
=1339.81x
However, the incident flux of light needs to cover more area because there is an angle between
the normal of the surface that is to be lit and the incident light waves. We need to take this into
account. This is the so-called observation angle correction. The angle can be determined to be

45°. Therefore:
E,s = E, g -cos45° = 947.381x

Solution 6.1.4-3: The luminuous exitance of the surface equals:

M, =p-E, =023-2501x = 57.7 Im/m?

Assuming perfect diffuse reflection corresponds to assuming the surface is a Lambertian
radiator. Therefore:

M
L, = — =18.303cd/m?
7T

Solution 6.1.4-4: The size of the screen when compared to the viewing distance, allows
assuming that the viewing angle is almost constant for the entire screen.
The luminous intensity under the given viewing angle amounts to:

I, =cosf-L,A=054464-350cd/m?2 - 4 - 6.451 6 x 104 m?2 = 0.49193 cd

The flux density can be calculated as:

0P
For = 52

0P 00

T o0 9A

1
=1, =
= 218.64 mlx

This value confirms what we might have expected: a cellphone screen is not a good lighting
device.

Solution 6.3.9.5-1: We start by calculating Ccpyy:

0.7
Cemy =1—Cpgp = (03
0.8
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Next, we derive Ccpyk:
M — min (CCMY) _ 0.0

C = =
CMYK Y — min (CCMY) 05
min (CCMY) 03
Finally, we convert to Cpg;:
R+G+8B
I= % =04
min (R, G, B) 0.2
S_l—f_l—ﬁ—O.S
( R —-05G -0.5B
H = arccos
V(R=G)2+ (R-B)(G—-B)

Solution 6.3.9.5-2: They all result in the same RGB color vector, i.e.:

0.3
CRGB = 07 .
0.2

Solution 6.3.9.5-3:  Using MatLAB you should be able to check the results yourself.

) =2 —1.2373 = 1.9043

DIP-2024-3.11 Digital Image Processing — Solutions to the Exercises
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Mathematical Morphology

Solution 7.2.3-1:  The N4(p) (left), Ng(p) (middle) and N (p) (right) neighborhoods have
been indicated in gray below. Note that the neighborhood concept is not dependent on the
pixels’ intensity value.

0[0[0]|0]|0]0]1 0[0[0]|0]|0|0]1 0[0[0[0]|0]0]1
1{of1]1]0]0]1 1(0[1[1]0]0]1 1(0[1[1]0]0]1
oloj1|Djo|1]|0 ojlof1|@Dlo|1|0 olo[1|@®jo|1]0
0(0[0[0[1]0]0 0[0[0[0[1]0]|0 0[0[0[0[1]0]0
0[1][1]{0][0[1]1 0[1]1]{0[{0[1]1 0[1[1]0[0[1]1

Solution 7.2.3-2:  The 4-V-adjacency (left), 8-V-adjacency (middle) and m-V-adjacency have
been indicated in gray below. Note that the adjacency concept is dependent on the pixels’
intensity value.

ojofjofo|o|o0]1 ojofolo]|ofo0]1 ojofolo|o|0]1
1{0[1[1]0[0]1 1(0[1[1]0[0]1 1{of1f1]of0]1
ojlofl1|(@Djo|1]0 0j0|1|@Djo|1]0 0j0|1|@Djo|1]0
o{ofjofof1]|0]0 ojofojo]|1]0]0 0[0[0[0[1]{0]0
o(1({1(0|0]1]1 o[1({1]0]|0]1]1 o[1[1|0|0]1]1

Solution 7.2.3-3:  The 4-V-adjacency (left), 8-V-adjacency (middle) and m-V-adjacency have
been indicated in gray below. Note that the adjacency concept is dependent on the pixels’
intensity value.

1(2|7]|0]6[5]6 1(2|7]|0]6[5]6 1(2|7]|0]6|5]6
3(0(3[4|7]|0]4 3(0(3[4|7]|0]4 3/0(3|4|7]|0]4
0|1(2(®]1]5]|1 0(1(2(®]1]5]|1 0[1|2|®]1]5]|1
5(2(4(0|6|3]2 5(2(4(0|6|3]2 5(2(4|0|6(3]2
0(0[3[7|4]3]1 0[0[3|7]4[3]1 0[0[3|7|4]3]1

Solution 7.2.3-4:  On the left, you can find the result for the 4-V-path. There is no path between
the given pixels, therefore also no shortest path. The pixels do not reside in the same
component. The separate components have been indicated.

25



26 CHAPTER 7. MATHEMATICAL MORPHOLOGY

In the middle, you can find the result for the 8-V-path. The shortest 8-V-path has been
indicated. Its length is 6. The component has been indicated in gray.

On the right, you can find the result for the m-V-path. A shortest m-V-path has been indicated.
The path has length 9. The component has been indicated in gray.

lolo

ol |O|O

(N B Nl Ne)
O IO =

1
1
0 0
0

0

@
0
0
0

i E=R K= E=N
el = il el R
OO |=|O
Ol—Rr|—Rr|O|O
— ol |O|O
o
el K=l k=1 K=
[l el Nel New)

»—\O»—\»—r——o—L

1
1
0
0

@ 0 D 0 D

Solution 7.2.3-5:  On the left, you can find the result for the 4-V-path. There is no path between
the given pixels, therefore also no shortest path. The pixels do not reside in the same
component. The separate components have been indicated.

In the middle, you can find the result for the 8-V-path. The shortest 8-V-path has been
indicated. Its length is 6. The component has been indicated in gray.

On the right, you can find the result for the m-V-path. A shortest m-V-path has been indicated.
The path has length 9. The component has been indicated in gray.

1{2(7|0|6|5(6|1|12|70 516 11271660516
3(0(3(4|7(0(@|3]0]3 7 o4 3(0(3(4|7 /@
O|1|2|6|1|5(1(0(1|2 1(5]1 0|12 1151
51214(0(6[3]|2]|5]|2 06 2 5%—L 6 2
0/@|3|7|4a|3]4]lo|@|3]|7]4]3]4 0l@®[3|7]4]3]4
Solution 7.3.1.3-1: The solution can be found below:
AeB Yy AeB Yy
1
xr T[1]1 xr
T[1[1[1]1]1 11111
NAAAnnNAaannnnn
nAAAANNaannnnnnng
T L [1]1]1]1
T[] 1]1]1 i
T [[1]1]1 T[1[T
AAANANNANNnann T[1[1[1]1
T[] L]1]1]1 T[1[1[1]1
NN 11
1111111
11111
1

Solution 7.3.1.3-2:  The answer is in both cases: no. The sequence of erosion followed by
dilation or vice versa gives rise to two new derived operations: opening and closing.

Solution 7.3.1.3-3:  The solution can be found below:
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11
11

11

1)11

1/1
1/1(1]1(1]1]11

1/1(1(1(1]1]1]1

(Hy

CeD
X

1111 (1{1/1/1]1{1]1
11111 {1j1j1]1{1|1
111111 j1j1]T1{1]1
11111 {1j1(1(1[1{1

11111 {21]2)1/2j1{1]21)1/1]1

1/1(1(1]1

111201221 {T(2|1({Tf1]1{T]1

1(1({21{1(2]2/2(2{T1[1{1]1

11111 2 T {q{2]2 )2 /2T {q{2{2/1}1{1{1

L1111 2 22T {2j2 22T {2{2]2/1[T[T]|1

1)1)1j1(1)1)1j1]1
1/1(1(1]1)1

1/1j1j1]1)1)1j1]1
1/1(1j1]1)1)1j1]1

(Hy

X

CeD
Solution 7.3.1.3-4:  The actual solutions can be found in the solutions of the previous exercises.

The use of the functions will be along the lines of

[ 000O0OO01;

B =

0000O0O010;

001110 0;

001000 0;

000O0O0O0OII;

strel(

);

B
% £ill out your specific data

'arbitrary',

se =
A

zeros (15,23);
C = imdilate( A, se );

D = imerode( A, se);

The solutions can be found below:

Solution 7.3.2.5-1:

1]1(1)1]1

1{1(1]1]1)1]1
1{1(1]1(1)1]1

1(1(1]1(1)1]1]1
1(1(1]1(1)1]1]1

1{1(1]1(1)1]1

J_,y

AeB
X

1
1
1

1
1
1

1
1
1

'_,y

AOB
x

The solutions can be found below:

Solution 7.3.2.5-2:

1

1

1{1)1]1

1

1

1

1{1(1]1]1]1

1{1)1]1(1[1]1

1
1

1{1)1(1j1[1]1

1

1
1

{;?

AeC
x

1

1

1

1

1

1{1)1]1

1

1

1
1

1{1)1]1

1

1
1

’_y

AoC
x

Solutions to the Exercises

Digital Image Processing
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Solution 7.3.2.5-3: The solution can be found below:

De(B,, By vy

T

Solution 7.3.2.5-4:  Show your solution to the lecturer. He will be happy to comment on it.

Solution 7.3.2.5-5:  Show your solution to the lecturer. He will be happy to comment on it.

Solution 7.3.2.5-6:  Show your solution to the lecturer. He will be happy to comment on it.

Solution 7.3.3.4-1:  The result with a disc-shaped structuring element can be found on the left,
with a square-shaped sturcturing element on the right.

D (X) y DY (X) y
xi xi 11
1 11111 1
1]1]1(1|1 11111 1]1]1(1|1
111]1 1111 111]1
1]1]1(1]|1 1]1]1(1|1 1]1]1(1|1
111111 1 (1111
1 1

Solution 7.3.3.4-2:  The result with a disc-shaped structuring element can be found on the left,
with a square-shaped sturcturing element on the right.

ENCO ERCO

[ S

ol Gl Ll
=== =

—_
—_

RN IR RN U R N
o Dl L) Ll Ll
o Gl L) Ll Ll
e Iy [EY P FEY oY
[ Ll Ll Ll L
ol L el

—

el e e el e e e
—_

[ I ==
e N e
SR Y [ [ Sy S Ry U
Y e e e T Y =
[SCY U JUIRY U RN U U Y
SN SN [ U Sy S R U
Y e e L e T Y =
[RNCY U JUIRY U U U U Y (N
== | [
[EEY U Uy I W
SRR ST [ U S S R U -
A N I Y
[EEY U JUIRY PRI (WY U (U
=== =

[

—_

[y

It’s easier to understand this exercise if you focus on the background pixels rather than on the
foreground pixels.
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Solution 7.3.3.4-3: The intermediate result after two erosions can be found below on the left.
The final result after reconstruction by dilation can be found below on the right. Note how the
fine features have been removed, while the fat features are fully intact.

Ae2B, y D% (Ae2B,) y
x(‘* x(‘* 1]1[1]1
11[1[1]1
1 1af1]1]a[1]1
IARARAAR
1 11[1]1]1]1

1]1[1]1

11 1]1[1]1

1 1aaf1]a[1]1

Solution 7.3.3.4-4:  The intermediate result after two dilations can be found below on the left.
The final result after reconstruction by erosion can be found below on the right. Note how the
fine background features have been removed, while the fat background features are fully
intact.

EQ (Ae2B) y

Ae2B, y

(4I1,11 171 11111 (4+ 171
R NANNNnE TA[11[1]1]1 X 11 1111
11111 Tt 11 11111
1111 NRARARRE 11 11111
111 T 11]1]1]1 1 11111
T T[]t
T NRARRRRE
T 111 11 111111
T aaaaain NN RRARNE

Again, it’s easier to understand this exercise if you focus on the background pixels rather than
on the foreground pixels.

Solution 7.3.3.4-5:  If you doubt your result, send it to the lecturer. He will be happy to check
it and comment on it.

Solution 7.3.3.4-6:  Send your solution to the lecturer. He will be happy to check your solution
and comment on it.

Solution 7.3.3.4-7:  Send your solution to the lecturer. He will be happy to check your solution
and comment on it.

Solution 7.3.3.4-8:  Send your solution to the lecturer. He will be happy to check your solution
and comment on it.

Solution 7.3.3.4-9:  Send your solution to the lecturer. He will be happy to check your solution
and comment on it.

DIP-2024-3.11 Digital Image Processing — Solutions to the Exercises



30 CHAPTER 7. MATHEMATICAL MORPHOLOGY

Solution 7.4.1.4-1:  The solution can be found below. Common mistakes: (a) you have
forgotten to reflect the structuring element before applying the dilation; (b) you continued to
work with a reflected structuring element when calculating the erosion.

(feg)lx,y] y (feg)lx,y] v
0.7/0.7(0.7(0.7|0.7]0.7]0.7]0.9]0.9(0.9 0.3|0.1|0.1/0.0{0.0{0.0/0.0{0.0[0.1{0.1
+ 1/0.8]0.8[0.8/0.7]0.8(0.8/0.8/0.9/0.9(0.9 4 10.3]0.1]0.1{0.0/0.0{0.0[0.0{0.0/0.1]0.1
0.8|0.8/0.8/0.8(0.8(0.8/0.8/0.9]0.9|0.9 0.2/0.1/0.1{0.1]0.0{0.0]0.0{0.0[0.10.1
0.8|0.8/0.8/0.8(0.8(0.8/0.8/0.8]0.8|0.8 0.2/0.1/0.1{0.1]0.0{0.0]0.0{0.0[0.10.1
0.8]0.8/0.8/0.8[0.9(0.9/0.9/0.9]0.9|0.8 0.2|0.1|0.1{0.1]0.1[0.1|0.1{0.1]0.1]0.3
0.7|0.80.8/0.8[0.9(1.0/1.0{1.0[1.0[0.8 0.2|0.0/0.0{0.0[0.0{0.1|0.1{0.2[0.2]0.3
1.0/1.0/1.0/0.9/0.9{1.0{1.0{1.0(1.0[0.9 0.4/0.0{0.0(0.0{0.0{0.1]0.1]0.2(0.2[0.2
1.0/1.0/1.0/0.9/0.9]1.0{1.0{1.0(1.0[0.9 0.4/0.0{0.0(0.0{0.0[0.1]0.1]0.1{0.2|0.2
1.0/1.0[1.0{0.9/0.9/1.0{1.0{1.0|1.0/0.9 0.4/0.0/0.0{0.0(0.0{0.1/0.1{0.1]0.2]0.2
1.0/1.0[1.0[0.9/0.9/0.9(0.9]0.9|0.9/0.9 0.6(0.1]0.1]0.1]0.1{0.1/0.1{0.1]0.2]0.2

Solution 7.4.1.4-2:  The answer is in both cases: no. The sequence of erosion followed by
dilation or vice versa gives rise to two new derived operations: opening and closing.

Solution 7.4.1.4-3:  The solution can be found below. Common mistakes: (a) you have
forgotten to reflect the structuring element before applying the dilation; (b) you continued to
work with a reflected structuring element when calculating the erosion.

(res)[x,y] y (res)[x,y] y
0.8/0.8/0.8(0.7{0.7|0.7{0.7|0.7|0.8/0.8 0.1{0.1]0.1/0.1{0.1]0.3{0.2|0.0(0.0{0.2
+ 1]0.8]0.8|0.6/0.6/0.9]0.9|0.9|0.5/0.7|0.8 + 1]0.1/0.1|0.1/0.1{0.1{0.2]0.2|0.2|0.0(0.0
0.4]0.9]0.9/0.9{0.9|0.9(0.9/0.7|0.7|0.7 0.1{0.1]0.0(0.0{0.2]0.3{0.2]0.0(0.0{0.0
0.4/0.9|1.0{1.0/1.0|0.9|1.0|1.0{1.0|0.7 0.00.0|0.1{0.0(0.0|0.2]0.2]0.2{0.1|0.1
0.4/0.9|1.0{1.0/0.8|0.9|1.0|1.0{0.9|0.7 0.2/0.0|0.0{0.0(0.0|0.2]0.2]0.2{0.2|0.1
0.4/0.51.0{1.0{1.0|0.9]0.9|1.0{1.0|0.6 0.0/0.0|0.0{0.2/0.2]0.2]0.2]0.2{0.1|0.1
0.4/0.5|1.0(1.0{0.9/0.9]0.8]0.9/0.9]0.5 0.1]0.0|0.0{0.2/0.2|0.2]0.3]0.3{0.1|0.1
0.5]0.5/0.8/1.0{1.0/0.9{0.9|0.8|0.8]0.5 0.0/0.0/0.0{0.0{0.4|0.0{0.0{0.2|0.1{0.1
0.7]0.7]0.7(0.9]0.9/0.9]0.6|0.8|0.8|0.8 0.1]0.1]0.1/0.0{0.0{0.0{0.0{0.0|0.1{0.1
0.710.5|0.7{0.7|0.9/0.9]0.9/0.8/0.8|0.5 0.1]0.1{0.0{0.0(0.0|0.0|0.0|0.0{0.1|0.1

Solution 7.4.1.4-4:  The actual solutions can be found in the solutions of the previous exercises.
The use of the functions will be along the lines of

£=10.10.30.20.40.7 0.8 1.0;
0.3 0.4 0.3 0.2 0.1 0.9 0.0;
0.7 0.3 1.0 0.4 0.1 0.7 0.1
0.2 0.1 0.3 1.0 0.9 0.7 0.2;
0.0 0.4 0.6 0.9 0.1 0.3 0.0 1;

g=[0111;010; 1117;

seg =

strel( 'arbitrary', g );
fdilated = imdilate( f, seg );
feroded = imerode( f, seg );

Solution 7.4.2.4-1: The solution can be found below.
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(fo)lx,y] y Te(H) y
0.9]0.9]0.8]0.3]0.1]0.3]0-4]0.5]0.30.1 0.1]0.0[0.0[0.0[0.0[0.0]0.0]0.0[0.0[0.0
+ 1/0.9]08[0.7]0.0[0.3]0.5]0.8[0.7]0.5[02 < ¥/0.0l0.1]o.1]0.0/0.1]05]0.1[0.3[03]0.0
0.8/0.710.5/0.1]0.5]0.8[0.8/0.80.7[02 0.0[0.0[0.0[0.0{0.0[0.0[0.1[0.2]0.1[0.0
0.7105/0.1]0.0[0.4]0.7[0:8/0.7]0.2[0.0 0.0[0.0/0.20.0[0.0[0.3[0.0[0.0[0.3[0.0
0.5/010.0[0.1/0.3]0.4]0.7[0.1]0.0[0.1 0.0[0.0/0.0[0.0[0.0[0.5[0.0[0.0[0.0[0.4
0.1]0.1]0.0/0.1]0.1]0.3]0-2[0.0[0.1[0.1 0.4]0.0(0.0[0.1]0.0[0.5[0-4]0.0[0.0[0.6
0.1]0.0[0.0[0.0[0.1]0-2[0:6/02[0.1]0.1 0.2[0.0(0.1/0.0[0.0[0.7[0-2]0.0[0.0[0.2
0.0[0.1]0.0[0.1]0.2]0.6[0.9]0.60.1]0.1 0.0[0.0/0.0[0.0[0.0[0.3]0.1]0.0[0.0[0.1
0.1]0.1]0.1/0.0[0.3]0.9]0.9]0.9]0.4]0.1 0.2[0.1(020.0[0.0[0.0[0.1[0.0[0.0[0.2
0.1]0.10.0[0.3[0.8[0.9]0.9]0.9]0.8[0.1 0.0[0.0[0.0[0-2/0.0[0.0[0.1[0.0[0.0[0.0
(fog)[x, ] y By (f) y
1.0[0.9]0.8[0.4]0.4]0.4]0.9]0.8[0.30.3 0.0[0.0[0.0[0.1]0.3[0.1]0.5[0.3[0.0]0.2
+ 1/0.9]0.9]0.8]0.5[0.4]1.0[0.9[1.0[08]0:3 + ¥/0.0[0.0[0.0[0.5/0.0[0.0[0.0/0.0[0.0[0.1
0.8[0.7[05/0.4]0.50.8[1.0[1.0[0.8]0.5 0.0[0.0[0.0[0.3]0.0[0.0[0.1]0.0[0.0[0.3
0.70,5[03(0.3/0.4[1.00.9]07[0.5]0.5 0.0[0.0[0.0[0.3]0.0[0.0[0-1[0.0[0.0[0.5
0.503]02[0.2/0.30.9]0.7]05/0.5/0.5 0.0[02[020.1]0.0[0.0[0.0[0.4/0.5]0.0
0.502[0.1/02/0.2]0.8]0.6[0.6/0.3[0.7 0.0[0.1/0.1]0.0[0.1]0.0[0.0[0.6/0.2]0.0
0.3]0.1/0.1]0.1]0.20.9]0.8/0.3[0.3[03 0.0[0.1]0.0[0.1/0.1]0.0[0.0[0.1]0.2[0.0
0.2]02[01/020.2[0.9[1.0[0.6/03]0.3 0.2/01]0.1]0.1/0.0[0.0[0.0[0.0[02[0.1
0.3[02[03(0.2]0.5]0.9[1.0[0.9]0.4]0.3 0.0[0.0/0.0[0.2]0.2]0.0[0.0]0.0[0.0[0.0
0.2[02[02[0.50.8]0.9[1.0[0.9]0.8]0.4 0.1]0.1/0.20.0[0.0[0.0[0.0[0.0[0.0[0.3

Solution 7.4.2.4-2: The solution can be found below.

(fog)[x,y] y To(f) y
0.0[0.1]0.1]0.1]0.1]0.1]0.0]0.0[0.0]0.0 0.2]0.9]0.1]0.0]0.1]0.9]0.0]0.1]0.0]0.1
. t|0.0[o0.1]o.f0-10.1]0.1]0.0[0.0[0.0/0.0 + t[0.0[0.1]0.9]0.1]0.9]0.0/0.0[0.1[0.0[0.0
0.0[0.0[0.1]0.1]0.1]0.1]0.0[0.0[0.0[0.0 0.1]0.0[0.1[0.9]0.9]0.1]0.0[0.0[0.1[0.0
0.0[0.0[0.1]0.1]0.1]0.1]0.0[0.0[0.0[0.0 0.1]0.1]0.9]0.0[0.1]0.9]0.2[0.0[0.2[0.1
0.0[0.0[0.1]0.1]0.1]0.1]0.0[0.0[0.0[0.0 0.0[0.1]0.9[0.0[0.0[0.1[1.0[0-2[0.0[0.1
0.1]0.1]0.0[0.0[0.0[0.0[0-2[0-2[0-2[02 0.0[0.9]0.1[0.0[0.0[0.0[0.0[0.8[0.0[0.8
0.1]0.1]0.0[0.0[0.0[0.0[0.2[0.2[0-2[0.2 0.1]0.9]0.0[0.1[0.1]0.0[0.0[0.8[0.8[0.0
0.1]0.1]0.0[0.0[0.0[0.0[0.2[0-2[0-2[02 0.9]0.1]0.1[0.2[0.0[0.2[0.8[0.0[0.8[0.0
0.1]0.1]0.0[0.1]0.1]0.1]0.0[0.0[0-2[0.2 0.0[0.0[0.0(0.1[0.7[0.9]0.1[0.0[0.0[0.8
0.0[0.0[0.0[0.1]0.1]0.1]0.0[0.0[0.0[0.0 0.0[0.1]0.2[0.9[0.1]0.0[0.0[0.1[0.0[0.1
(fog)[x, vl y Bg(f) y
Lo[rolrolrolrolrolo.1fo.1fo.1f0.1 0.8[0.0]0.8[0.9]0.8]0.0]0.1]0.0]0.1[0.0
L tl02]o2[1.0[r.0[1.0[1.0[0.1]01]0.1[01 + 1102]0.0[0.0[0.8]0.0[0.9]0.1[0.0[0.1[0.1
0.1]0.1]1.0[1.0[1.0[1.0[0.1]0.1]0.1]0.1 0.0(0.1]0.8[0.0[0.0[0.8[0.1]0.1[0.0[0.1
0.1]0.1/1.0[1.0[1.0[1.00.2[02[02[02 0.0]0.0[0.0[0.9]0.8]0.0[0.0[0.2[0.0[0.1
0.10.1/1.0]0-2[0-2[0.2[1.0[0.2[02[02 0.1]0.0[0.0[0.1[0.1]0.0[0.0[0.0[0-2[0.1
1.0[1.0[0.2[02[02[02[1.0[1.0[1.0[1.0 0.9]0.0[0.1[0.2[0.2[0-2[0.8[0.0[0.8[0.0
1.0[1.0[0.2[02[02[02[1.0[1.0[1.0[1.0 0.8[0.0[0.2[0.1[0.1]0.2[0.8[0.0[0.0[0.8
10[1.0[02[02[02[02[1.0[1.0[1.0[1.0 0.0[0.8[0.1[0.0[0.2[0.0[0.0[0.8[0.0[0.8
0.1]0.1]0.2[0.8[0.8[1.0[0.2[0-2[0-2[1.0 0.0[0.0[0.2(0.6]0.0[0.0[0.1[0-2[0.0[0.0
0.1]0.1]0.2[1.0[1.0[1.0[0.2[0-2[0-2[1.0 0.1]0.0[0.0(0.0[0.8[0.9]0-2[0.1[0-2[0.9
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Solution 7.4.2.4-3:  The actual solutions can be found in the solutions of the previous exercises.

Solution 7.4.3.5-1: The solution can be found below. The reconstruction converges after 9
iterations.

9)
Dy (h y

0.0/0.10.3]0.1]0.0{0.0{0.0{0.0{0.0{0.0
x 1]0.3]0.7|0.9|0.7(0.2]0.0{0.0|0.1|0.0(0.2
0.2|0.9|1.0|0.9]0.0{0.0{0.2|0.2]0.2{0.2
0.1]0.7]0.8/0.8]0.30.0(0.2]0.2|0.2{0.2
0.0{0.0/0.1(0.2{0.0{0.0{0.2]0.2|0.1]0.2
0.1/0.0/0.0|0.0|0.2]0.2{0.2]0.1]0.0{0.1
0.0/0.2|0.2]0.1]0.0{0.2{0.2|0.2{0.1{0.2
0.2|0.2|10.2|0.2]0.2|0.1]0.2|0.2]0.2{0.2
0.2|0.2|0.2]0.2]0.2|0.0{0.2]0.2]0.2{0.2
0.2]0.2]0.2(0.2{0.2]0.0{0.0{0.1|0.2{0.2

Solution 7.4.3.5-2: The solution can be found below. The reconstruction converges after 13
iterations.

(13)
Eg=(n) y

0.5|0.5|0.5|0.5|0.5|0.5|0.50.5|0.5|0.5
x 1/0.5(0.7|0.9]0.7|0.5]0.5|0.5]0.5{0.5]|0.5
0.5/0.9/1.0|0.9]0.5|0.5|0.50.5|0.5|1.0
0.5]0.7(0.8|0.8{0.5|0.5{0.7|0.6|0.5|0.9
0.50.5(0.5|0.5{0.50.5/0.8]0.5|0.1|0.4
0.50.5(0.5/0.5(0.50.5{0.7]0.1]0.0|0.1
0.5|0.5/0.5|0.5|0.5|0.5|0.8{0.3]|0.1]0.3
0.6/1.0|0.7|0.5|0.5|0.5|0.9|0.7]|0.5|0.8
0.9|1.0|0.9]0.7]0.50.5]0.50.9{1.0{0.7
1.0/1.0|0.9]0.8|0.5]0.5|0.5]0.5{0.5|0.5

Solution 7.4.3.5-3:  The solution can be found below. The intermediate result after two
erosions can be found on the left. The final result (after 9 geodesic dilations) can be found on
the right.

(fo2g,)[x,y] y o y
0.0{0.0{0.0(0.0{0.0{0.0/0.0/0.0|0.0{0.0 0.0{0.1{0.2/0.1{0.0{0.0/0.0{0.0{0.0{0.0
x 1/0.0/0.0|0.1/0.0{0.0{0.0{0.0|0.0/0.0{0.0 x 1]0.2/0.2|0.2/10.2(0.2{0.0{0.0{0.1|0.0(0.2
0.0{0.0{0.0(0.0{0.0{0.0/0.0/0.0|0.0{0.0 0.2]0.2]0.2/0.2]0.0{0.0/0.2]0.2]0.2]0.2
0.0(0.0{0.0{0.0|0.0/0.0(0.0{0.0{0.0|0.1 0.1(0.2{0.2]0.2]0.2/0.0/0.2{0.2]0.2|0.2
0.0(0.0{0.0{0.0{0.0/0.0/0.0{0.0]0.0|0.0 0.0(0.0{0.1{0.2]0.0/0.0/0.2{0.2]0.1]|0.2
0.0(0.0{0.0{0.0{0.0/0.0/0.0{0.0]0.0|0.0 0.1(0.0{0.0{0.0|0.2/0.2/0.2{0.1]0.0|0.1
0.0{0.0{0.0(0.0{0.0{0.0/0.0/0.0|0.0{0.0 0.0]0.3]0.2/0.1{0.0{0.2/0.2]/0.2]0.1]0.2
0.0{0.0{0.0/0.0{0.0{0.0/0.0(0.1{0.0{0.1 0.6]0.8]0.7(0.4]/0.2{0.1/0.2]/0.2]0.2]0.2
0.0{0.3]0.2/0.0{0.0{0.0/0.0/0.0|0.1]0.2 0.8]0.8]0.8(0.7]0.4]0.0/0.2/0.2]0.2]0.2
0.6]0.8/0.3/0.0{0.0{0.0/0.0/0.0{0.0{0.1 0.8]0.8/0.8/0.8/0.3]0.0/0.0{0.1]0.2]0.2
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Solution 7.4.3.5-4:  The solution can be found below. The intermediate result after two
dilations can be found on the left. The final result (after 13 geodesic erosions) can be found on
the right.

(fo2g)[x,y] y CR ) y
0.710.9|1.0{0.9/0.7|0.2]0.2]0.3{0.5{1.0 0.3/0.3]0.3/0.2{0.2/0.2]0.2]0.2{0.2|0.2
+ 1/0.9|1.0|1.0{1.0{0.9|0.7]0.7|0.6/1.0{1.0 x 10.3]0.7|10.9/0.7]0.2|0.2]0.2|0.2|0.2(0.3
1.0{1.0/1.0{1.0{1.0{0.9/0.8/1.0{1.0|1.0 0.2{0.9]1.0{0.9(0.2]0.2|0.2|0.3|0.5(1.0
0.9(1.0{1.0|1.0{0.9/0.8|0.8/0.9|1.0(1.0 0.2/0.7]0.8{0.8(0.3/0.2|0.7]0.6|0.5(0.9
0.7/0.9]1.0/0.9(0.8/0.8|0.8/0.8|0.9(1.0 0.2(0.2{0.2{0.2(0.2]0.2|0.8|0.5|0.5(0.5
0.6/1.0{0.8/0.8]0.7|0.8]0.9/0.8{0.7{0.9 0.2{0.2{0.2{0.2(0.2/0.3|0.7|0.5|0.5(0.5
1.0{1.0/1.0{0.7/0.8{0.9/0.9/0.9{1.0|0.8 0.2/0.3]0.2{0.2{0.2|0.2]0.8/0.5{0.5|0.5
1.0{1.0|1.0|1.0{0.9]/0.9/0.9|1.0|{1.0{1.0 0.6/1.0|0.7{0.4]0.2|0.2|0.9]0.7{0.5|0.8
1.0{1.0/1.0{1.0|0.9]/0.9|1.0(1.0{1.0|1.0 0.9/1.0{0.9|0.7(0.4]0.2|0.5|0.9|1.0(0.7
1.0{1.0/1.0{1.0|0.9/0.8/0.9(1.0{1.0|1.0 1.0/1.0{0.9{0.8]|0.3|0.2{0.2]0.2]0.2|0.3

Solution 7.4.3.5-5:  The solution can be found below.

TR0 y

0.0/0.0/0.1]0.0(0.0|0.0|0.0{0.0{0.0{0.0
+ v/0.1]0.5/0.7|0.5{0.0|0.0{0.0|0.0{0.0/0.1
0.0/0.7|0.8]0.7(0.0|0.0|0.0{0.1]0.3|0.8
0.0/0.5/0.6|0.6/0.1|0.0]|0.5|0.4|0.3]0.7
0.0{0.0{0.0{0.0{0.0|0.0{0.6|0.3|0.0{0.2
0.0{0.0{0.0{0.0{0.0|0.1]0.5|0.0{0.0{0.0
0.0{0.0{0.0{0.0{0.0/0.0{0.6/0.1{0.0|0.1
0.0/0.2|0.0]0.0(0.0|0.0|0.7|0.5]0.3]0.6
0.1/0.2|0.10.0(0.0|0.0|0.3|0.7|0.8]0.5
0.2/0.2/0.1|0.0(0.0(0.0(0.0]0.0|0.0{0.1

Solution 7.4.3.5-6: The solution can be found below.

B (M) y

0.3/0.2]0.0(0.1{0.2]0.2/0.2{0.2]0.2{0.2
x 1/0.0{0.0|0.0{0.0|0.0{0.2|0.2]0.1|0.2]0.0
0.0{0.0]0.0(0.0{0.2]0.2/0.0{0.0{0.0{0.0
0.1]0.0/0.0|0.0|0.0|0.2{0.0{0.0{0.0{0.0
0.2/0.2|0.1/0.0|0.2]0.2{0.0{0.0{0.4|0.1
0.1]0.2|0.2]0.2]0.0{0.0{0.0{0.4{0.5|0.4
0.2/0.0/0.0|0.1]0.2|0.0{0.0{0.2]0.4|0.2
0.0{0.0|0.0(0.0{0.0{0.1|0.0{0.0{0.0{0.0
0.0{0.0]0.0(0.0{0.0{0.2|0.0{0.0{0.0{0.0
0.0/0.0(0.0|0.0|0.0|0.2{0.2|0.1{0.0{0.0

Solution 7.4.3.5-7:  The actual solutions can be found in the solutions of the previous exercises.
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Image Segmentation

Solution 8.2.1-1:  The histogram corresponds to a 20 x 20 image, therefore it must contains a
total pixel count of 400. Because of this, the missing value is equal to 12.

In a spreadsheet the class averages can be conveniently calculated as:
sumproduct (<1>,<n>) /sum(<n>) where <1> and <n> denote the proper intensity and count
ranges.

In MarLaB/Octave the following script will mimick the calculations you made in the
spreadsheet, realizing the ranges using a mask vector (containing ones below the threshold
and zeros above the threshold).

1 = 0:15

n=1[412 20 21 20 19 13 12 13 8 26 38 46 65 49 34 ]
1t = 8

mask = 1 < 1t

mul = ( (n .* mask ) * 1' ) / sum( n .* mask )

mu2 = ( ( n .x (1-mask) ) * 1') / sum( n .* (1-mask) )
1t = 0.5 * ( mul + mu2 )

%%h => 1t = 8.05

mask = 1 < 1t

mul = ( ( n .*x mask ) * 1' ) / sum( n .* mask )

mu2 = ( ( n .*x (1-mask) ) * 1') / sum( n .* (1-mask) )
1t = 0.5 * ( mul + mu2 )

%% => 1t = 8.36

Conclusion: I = 8.36 (or equally good: I = 9)

Solution 8.2.1-2: A viable algorithm call could be:

n = [ 139 104 94 79 33 20 13 6 18 27 27 11 14 10 3 2 1;
1t = avgmeanthreshold( n );

using as algorithm:

function 1t = avgmeanthreshold( n )
N = length(n);
1 =0:(N-1);
lo = -1;
1t = N/2;
while ( abs( 1t - 1o ) >= 1 )
mask = 1 < 1t;
( (n .x mask ) * 1
( (n .x (1-mask) ) * 1°'

sum( n .* mask ) 8
sum( n .* (1-mask) );

mul

)/
)/

mu?2
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lo
1t
end

IR
ceil( (mul+mu2) / 2 );

end

While debugging you may want to remove some of the trailing semicolons to be able to inspect
intermediate values.

Note: the stopping criterion is not limit-cycle proof (i.e. the obtained value of /T may go one
up every odd time the while loop is called and go one unit down every even call). However,
we will not elaborate on that any further.

Solution 8.2.1-3:  Using the algorithm composed for the previous exercise, we can very simply
treat this problem as:

n = (0:31) * 5;
1t = avgmeanthreshold( n );

After three iterations, the algorithm finds: I = 19.

Solution 8.2.2-1:  The frequency table together with the key algorithmic values P, M; and 02,
can be found to be:

I n f P, M, ot

0 4 0.010000 0.010000 0.000000 0.959735
1 12 0.030000 0.040000 0.030000 3.373125
2 20 0.050000 0.090000 0.130000 6.818314
3 21 0.052500 0.142500 0.287500 9.929670
4 20 0.050000 0.192500 0.487500 12.409800
5 19 0.047500 0.240000 0.725000 14.288856
6 13 0.032500 0.272500 0.920000 15.205366
7 12 0.030000 0.302500 1.130000 15.675223
8 13 0.032500 0.335000 1.390000 15.788002
9 8 0.020000 0.355000 1.570000 15.606378
10 26 0.065000 0.420000 2.220000 14.415799
11 38 0.095000 0.515000 3.265000 12.330671
12 46 0.115000 0.630000 4.645000 9.600136
13 65 0.162500 0.792500 6.757500 5.691008
14 49 0.122500 0.915000 8.472500 2.562890
15 34 0.085000 1.000000 9.747500

Note that the last value in the column of M; equals ji5. The largest interclass variance occurs
at | = §, therefore I+ = 9. The obtained separability equals
piny = %5 = 082
T) = = 0.
g
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given that o2 = (7122(1 = 8) = 15.788002, and

The obtained value of #(I) = 0.82 is judged to be good (> 0.6).

Solution 8.2.2-2:  For your convenience the full spreadsheet table has been printed below:

15
02 =) f){ - pug)? = 19.168744.
i=0

I n J10) Py M, ot

0 139 0.231667 0.231667 0.000000 3.448065

1 104 0.173333 0.405000 0.173333 5.938351

2 94 0.156667 0.561667 0.486667 8.106221

3 79 0.131667 0.693333 0.881667 10.065923
4 33 0.055000 0.748333 1.101667 10.842055
5 20 0.033333 0.781667 1.268333 11.078106
6 13 0.021667 0.803333 1.398333 10.999771
7 6 0.010000 0.813333 1.468333 10.826820
8 18 0.030000 0.843333 1.708333 9.897511

9 27 0.045000 0.888333 2.113333 7.997918

10 27 0.045000 0.933333 2.563333 5.649384

11 11 0.018333 0.951667 2.765000 4.465658

12 14 0.023333 0.975000 3.045000 2.607878

13 10 0.016667 0.991667 3.261667 1.020199

14 3 0.005000 0.996667 3.331667 0.451457

15 2 0.003333 1.000000 3.381667

Otsu’s algorithm has been implemented in to a MaTtLAaB/OcrtavE algorithm below:

function [ 1t, eta ] = otsuThresholding( n )
%% perform Otsu Thresholding on a histogram vector n

%% 1. Calculate the normalized histogram of the image

L length(n);
0 : L-1;
sum(n) ;

n / N;

1
N
n

%% 2. Calculate
muG = n *x 1';
sigGsq = n * (1-

%% 3. Let

1t = 0;
sigstarsq = O,
M1 = 0;

P1 = 0;

%% 4. For all 1

_G and _G~2

muG) . 2"';

=0, 1, 2, . ..

for i = 1:L-1 %% because of

%% 4.1. Calcul
P1 = P1 + n(i)

%% 4.2. Calcul
M1 = M1 + 1(i)

ate P1

b}

ate M1
*n(i);

o b = i3

l1-indexed vectors! normally: 1 = O:

L-2

DIP-2024-3.11
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%% 4.3. Calculate sigsq
sigsq = P1 / (1 -P1 ) x (Ml / P1 - muG )~2;

hh 4.4. test
if ( sigsq > sigstarsq )

1t = i; %% no + 1 because of zero-indexed vectors
sigstarsq = sigsq;
end

end
%% 5. 1t has been determined and:

eta = sigstarsq / sigGsq;
end

This algorithm can be called as:

n=[ 139 104 94 79 33 20 13 6 18 27 27 11 14 10 3 2 ];
[ 1t, eta ] = otsuThresholding( n );

This yields: It = 6 and 5 (I) = 0.81.

Solution 8.2.2-3:  We can reuse the algorithm implemented for last exercise, to obtain a value
for It and 7.

n = (0:31)%*5;
[ 1t, eta ] = otsuThresholding( n );

this results in I+ = 20 and #(I7) = 0.72252.
You'll notice an error occurs when executing this algorithm. Try to overcome this error by
adding some extra measures in the algorithm.

Solution 8.3.2-1:  For Ny - left:
f(p)<0z5(p):max( 0,1-(=2),2-(=2), 0 )24
9=PN  q=pg q=ps  1=Pw

For N, - middle:

For N, - right:

-3-1 1-(=3
f(r)=0=S(p) =max| 0, ,v,#‘ =2
q9=PN 2 q=Ps 2

4=PE 9=Pw

For Ng - left:
2— (-2 3— (-2 2— (=2
f(p)<0:S(P):maX Q /#/1_(_2)/#/2_(_2)/#/ _Q ’ g =4
v N2 T N2 TEEms . V2 9cPw a=Paw

4=PNE q4=PsE q=pSW

For Ng - middle:
fip)>0=Sp)=0
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For Ng - right:

—3-1| |[-2-2 1—(=3)] [2— (=2

fp =0=Sp =max| 0, 0, , Jo, 0|2 ),' ( )‘ =2
9=pn 9=Pne |2 242 | 4=ps a=psw 2 242

1=PE q=PsE =Pw q=PNw

Solution 8.3.2-2: For Ny - left:
1—(-1 -1-1
f(p) =0= S(p) = max ‘#,Q, ), 0 =1
2 q=PE 2 q=pPw
q=PN q=pPs
For N, - middle:
f(p)>0=S(p) =0
For N, - right:
fp) <0=Sp) = max( 0,0 ,4—(-1,1- (—1)) =5
9=PN 9=PE T q=ps  4=Pw
For Ng - left:
1-(-1)| |-3—-4) 2— (2| |-1 -1 [4-(=3) —-2-2) 7
S(p) = max , , 0, , , 0, =
2 22 o | 22 2 22 la=pw | 242 242
1=pPN I=PNE q=PsE 1=Fs q=pSW 9=PNw
For Ng - middle:
f(p)>0=S(p) =0
For Ng - right:
2— (-1 2 - (-1
f(P)<0:>S(p):maX g /#/ g ’ g /4_(_1)/#/1_(_1)/ 9 =5
9=pn 2 4=PE 9=Pse T g=ps 2 T 9=Paw

9=PNE q=pSW

Solution 8.3.2-3:

y
0o|3|0|o0]o0fo0
o|3jojofo]o
3(4/0]2]0]0
ojojo|o|6|o0
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Solution 8.3.2-4:

y
o|3lo]ofo]o
ol3]olols 0

7
3l4j0(2]5]0
olojofo|6]|o0

Solution 8.4.2.1-1: We need to assume border replication, i.e. we need to consider the original
image to be embedded in a larger frame:

Jext Y
1112 |8[14|13|12|12
xv| 11 1]2]8(14|13]12]12
313(7 (151312010
616|153 |4 |7|3]3
1511514 (1|28 |11|11
15|15 4 (1|28 |11|11

This allows for calculating the x-component of the gradient f* g, :

fﬁgy y

23 | 13| -2 |-21|-25|-24
21| -5(-18|-9 |16 |28

and the y-component of the gradient f*g,:

fﬁgy y

8x y 8x y
A1 1001

vojojo v 1o
111 A]0|1
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This allows for the calculation of the magnitude of the gradient:

N y

27121 | 4121|2625
2117 |25] 9 |17 |28
1531|2118 (18|17

A proper threshold T could be obtained using Otsu’s method and was found to be 21. This
leads to

VA > 21 y
O(1]0]0|1/|1
vltjojol1)1]1
1/o0[1]0fo0]1
ol1|1]0fo0]o0

Solution 8.4.2.1-2:  We need to assume border replication, i.e. we need to consider the original
image to be embedded in a larger frame:

ffxt y

15158 | 5|43 |22
151158 | 5|14 (3 |2]2

oo | = |
oQlOo | = |
(e}

N
[o)}

N
—_

—_

This allows for calculating the x-component of the gradient fxg,:

fﬁgy y

and the y-component of the gradient f*g,:
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fﬁgy y

3|12 (-5|-1014]2
10(19| 5 |-13|-7 | 2

8x y 8x y
(1)1 1]0 |1

ofolo vl1jo1
111 1]0 |1

This allows for the calculation of the magnitude of the gradient:

N y

32110(115(29|32|35
30(28|12(14|9 | 4

A proper threshold T could be obtained using Otsu’s method and was found to be 23. This
leads to

Wf]>23 y
oloflo|ololo
vl 1jojol1f1]1
1/11/0]l0]|0]|0
ol1|1]1|1]1

Solution 8.4.2.1-3:  The following code will do.

%% uncomment following line to load image package in octave manually
%% pkg load image;

%% compose image

x=[ 1 2 8 14 13 12;
3 715 3 2 0;
6 15 3 4 7 3;
15 4 1 2 8 11 1;

f = mat2gray( x, [0, 15] );

%% calculate gradients
gx = [-1-1-1; 000; 1111];

University of Antwerp —TI



43

gy = [-101; -1 0 1;
fgx = imfilter( x, gx,
fgy = imfilter( x, gy,

%% calculate magnitude

-1 011];
'corr',
'corr',

m = (fgx. 2 + fgy."2).7(1/2);

%% perform Otsu's method
Im = mat2gray( m, [-45,45] );
[ thresh, eta ] = graythresh( Im );

'replicate’' );
'replicate' );

result = (m > ( 90*thresh - 45 ) );

Solution 8.4.2.2-1: Border replication has been explained in the corresponding exercise on

gradient-based edge detection.
Assuming

V2f

y
11111
11-8|1
1111

12

17

20

Applying Otsu’s method on |V2f], leads to T = 33. This results in a resulting binary edge map:

V?f > 33 y
ojojol1[1]o0
ojofj1ft)1]1
of1]0]ofo0fo0
1/0[0f0|0]0

Solution 8.4.2.2-2: Border replication has been explained in the corresponding exercise on

gradient-based edge detection.
Assuming

DIP-2024-3.11
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! y
111
181
111

vf y

9 |-52] 9 | 34|53 |49
25|17 |-49|-62|-55|-89

Applying Otsu’s method on |V2f], leads to T = 33. This results in a resulting binary edge map:

V3] > 33 y
1/0(0|0]0]0
oot
Ojo0|11]|1]1]1
0Oj110|0]1]1

Solution 8.4.2.2-3:  The following code will do.

%% uncomment following line to load image package in octave manually
%% pkg load image;

%% compose image

x=[ 1 2 8 14 13 12;
3 715 3 2 0;
6 156 3 4 7 3;
156 4 1 2 8 11 1;

f = mat2gray( x, [0, 15] );

%% calculate laplacian
1=1[111;1-81; 111 1;
fl = imfilter( x, 1, 'corr', 'replicate' );

%% perform Otsu's method
Im = mat2gray( abs(fl), [0,120] );
[ thresh, eta ] = graythresh( Im );

flm = ( abs(fl) > (120%thresh) );

Solution 8.4.3.2-1: Let’s first calculate the extent of the filter kernel. We know that the
Gaussian has dropped to zero at a distance of 3¢ from the kernel’s center. Therefore, we will
aproximate the Gaussian in a box with dimensions n x n with n = 2[3¢]1 + 1. Given 0 = 1, we
obtainn =7.
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Determining the Gaussian’s kernel is as easy as evaluating a function:

x24y?

Glx,yl=e 27

Therefore, knowing that [x,y] = [0, 0] is located at the center of the kernel, we obtain:

Glx,y]

0.0067 | 0.0111 | 0.0067 | 0.0015 | 0.0001

0.0821 | 0.1353 | 0.0821 | 0.0183 | 0.0015

0.0067 | 0.0821 | 0.3679 | 0.6065 | 0.3679 | 0.0821 | 0.0067

0.0111 | 0.1353 | 0.6065 |(1.0000)| 0.6065 | 0.1353 | 0.0111

0.0067 | 0.0821 | 0.3679 | 0.6065 | 0.3679 | 0.0821 | 0.0067

0.0015 | 0.0183 | 0.0821 | 0.1353 | 0.0821 | 0.0183 | 0.0015

0.0001 | 0.0015 | 0.0067 | 0.0111 | 0.0067 | 0.0015 | 0.0001

Correlating it with Prewitt’s x and y gradient kernels, ¢, and g, yields:

Glx,yl = Gxg,

0.0198 | 0.1019 | 0.2357 | 0.2995 | 0.2357 | 0.1019 | 0.0198

0.0872 | 0.4483 | 1.0371 | 1.3177 | 1.0371 | 0.4483 | 0.0872

0.1266 | 0.6511 | 1.5061 | 1.9136 | 1.5061 | 0.6511 | 0.1266

0.0000 | 0.0000 | 0.0000 |(0.0000)| 0.0000 | 0.0000 | 0.0000

-0.1266|-0.6511|-1.5061|-1.9136|-1.5061 |-0.6511 |-0.1266

-0.0872|-0.4483(-1.0371|-1.3177|-1.0371|-0.4483 |-0.0872

-0.0198|-0.1019-0.2357{-0.2995|-0.2357 |-0.1019 |-0.0198

and
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Gy[x,y] = Gﬁgy

0.1266 |-0.0000-0.1266|-0.0872|-0.0198

0.6511 [-0.0000{-0.6511|-0.4483(-0.1019

0.2357 | 1.0371 | 1.5061 |-0.0000-1.5061 |-1.0371|-0.2357

0.2995 | 1.3177 | 1.9136 |0.0000)|-1.9136 |-1.3177|-0.2995

0.2357 | 1.0371 | 1.5061 |-0.0000-1.5061 |-1.0371|-0.2357

0.1019 | 0.4483 | 0.6511 | 0.0000 |-0.6511|-0.4483|-0.1019

0.0198 | 0.0872 | 0.1266 | 0.0000 |-0.1266 -0.0872|-0.0198

We assumed zeros beyond the border of the Gaussian kernel.

Solution 8.4.3.2-2: Let’s first calculate the extent of the filter kernel. We know that the
Gaussian has dropped to zero at a distance of 3¢ from the kernel’s center. Therefore, we will
aproximate the Gaussian in a box with dimensions n x n with n = 2[3¢] + 1. Given ¢ = 0.6, we
obtain n = 5.

Determining the Gaussian’s kernel is as easy as evaluating a function:

x24y2

Glx,y] = e 202

Therefore, knowing that [x, y] = [0, 0] is located at the center of the kernel, we obtain:

Glx,y]

0.0039 | 0.0010 | 0.0000

0.2494 | 0.0622 | 0.0010

0.0039 | 0.2494 |(1.0000)| 0.2494 | 0.0039

0.0010 | 0.0622 | 0.2494 | 0.0622 | 0.0010

0.0000 | 0.0010 | 0.0039 | 0.0010 | 0.0000

Correlating it with the 4-Laplacian gradient kernel I, yields:
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Gralx,yl = Gxl,

0.2358

0.0622

0.0019

0.1308

0.2519

0.0622

0.2358

0.1308

0.1308

0.2358

0.0622

0.2519

0.1308

0.2519

0.0622

0.0019

0.0622

0.2358

0.0622

0.0019

We assumed zeros beyond the border of the Gaussian kernel.

Solution 8.4.3.2-3: Let’s first calculate the extent of the filter kernel. We know that the

Gaussian has dropped to zero at a distance of 3¢ from the kernel’s center. Therefore, we will

aproximate the Gaussian in a box with dimensions n x n with n = 2[3¢1 + 1. Given ¢ = 0.75

we obtainn = 7.

Determining the Gaussian’s kernel is as easy as evaluating a function:

Therefore, knowing that [x, y] = [0, 0] is located at the center of the kernel, we obtain:

Glx,y]

Correlating it with the 8-Laplacian gradient kernel Ig yields:

x24y?

Glx,yl=e 27

0.0001

0.0003

0.0001

0.0000

0.0000

0.0117

0.0286

0.0117

0.0008

0.0000

0.0001

0.0117

0.1690

04111

0.1690

0.0117

0.0001

0.0003

0.0286

0.4111

1.0000

04111

0.0286

0.0003

0.0001

0.0117

0.1690

0.4111

0.1690

0.0117

0.0001

0.0000

0.0008

0.0117

0.0286

0.0117

0.0008

0.0000

0.0000

0.0000

0.0001

0.0003

0.0001

0.0000

0.0000

4
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Grslx, y] = G*lg

0.0404 | 0.0496 | 0.0404 | 0.0126 | 0.0008

0.5278 | 0.5447 | 0.5278 | 0.1863 | 0.0126

0.0404 | 0.5278 | 0.5516 |-1.0766| 0.5516 | 0.5278 | 0.0404

0.0496 | 0.5447 |-1.0766 -1.0766 | 0.5447 | 0.0496

0.0404 | 0.5278 | 0.5516 |-1.0766| 0.5516 | 0.5278 | 0.0404

0.0126 | 0.1863 | 0.5278 | 0.5447 | 0.5278 | 0.1863 | 0.0126

0.0008 | 0.0126 | 0.0404 | 0.0496 | 0.0404 | 0.0126 | 0.0008

We assumed zeros beyond the border of the Gaussian kernel.

Solution 8.4.4.2-1: The final result looks like:

One can find all intermediate stack images below (read from left to right, then from top to
bottom). The last stack image is the final one, and allows reading the entire path on the PD
stack.

k J J

J J J K k f k

a | a | a | a | a | a |
TP PD TP PD TP PD TP PD TP PD TP PD
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a

d d

f f f i

h h h h h

J ] J J J ]

k f k k d k k k

a | a | a | a | a | |
TP PD TP PD TP PD TP PD TP PD TP PD

One can find all intermediate stack images below (read from left to right, then from top to
bottom). The last stack image is the final one, and allows reading the entire path on the PD
stack.

n J
i [ i i
e e e e e
a o a o a o a o a o a o
TP PD TP PD TP PD TP PD TP PD TP PD
e e
k i i i
J J J J J J
i i k i k k k k
e e e n e n n n
a o a o a o) a o a o o
TP PD TP PD TP PD TP PD TP  PD TP PD
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o T
® T

O o X “— -
O o X — -

TP PD TP PD

Solution 8.4.4.2-3: The final result looks like:

One can find all intermediate stack images below (read from left to right, then from top to
bottom). The last stack image is the final one, and allows reading the entire path on the PD
stack.

q
p p p
o o o o
h h h h q
a t a t t a t a t a t
TP PD TP PD TP PD TP PD TP PD TP PD
J
| |
o o | o o o
0 p ] P J p J P P
h q h q h q h q q
a t a t a t a t t
TP PD TP PD TP PD TP PD TP PD TP PD
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f f

h h h h

i i i i i

] ] ] ] ] ]

| | | | | !

o (@) o] o o o]
P p p p p p
h a h 4 q foa q d
a t a t a t a t a t a t
TP PO TP PD TP PD TP PD TP PD TP PD
a

b b

d d d d

€ S S S €

f f f f f f

h h h h h h

i i i i . i

] J J ] ] J

| | | | | !

[¢) [¢) o] o (¢) o]

p p p p p p

q d q b d q q

t a t a t a t a t t
TP PO TP PD TP PD TP PD TP PD TP PD

Solution 8.4.4.3-1:  Let’s start with an empty accumulator-cell matrix.

It counts 7 rows, one for every value of p, starting with p = 3 at the top and ending with

p = —3 at the bottom.

It counts 9 columns, one for every value of §, starting with § = —7t/2 on the left and 6 = 77/2
on the right. The center point (for (6, p) = (0,0)) has been circled.

0000 0 0000
0000 0 0000
0000 0 0000
0000 (0000
0000 0 0000
0000 0 0000
0000 0 000 O

Let’s take the first point p; and apply the Hough transformation to it:
—1-cosf+1-sinf =p

Let’s fill out every value of 6 in this equation, such that we obtain the corresponding values of
o, that can be rounded to the given grid:
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¢ P Prounded
—m/2  —1.0000 -1
-37/8 —1.3066 -1
—-rt/4 —1.4142 -1
—mt/8 —1.3066 -1
0 —1.0000 -1
/8 —0.5412 -1
t/4 0.0000 0
37/8 0.5412 1
/2 1.0000 1

These #0, p,,,n404) Pairs can be used to increment the accumulator-cell matrix. This results in:

o O = O O O O
o O =, O O O O
o O = O O O O
o O = O O O O

0
0
0
©
1
0
0

o O = O O O O

Repeating the same procedure for p, results in:

O O =k =Rk O O O
S O N O O O O
S O N O O O O
O = = O O O O
O)—'\»—'\@OOO

O = = O O O O

Likewise for pj:

S O = N O O O
SO O N O+, O O
S O N O = O O
S = = O O = O
S Rk =k O O =k O

O O O = O O O
o O © O = O O
o O ©O O = O O

O O =R =k O O O
O O = O = O O
O O O =k =k O O

O O =) =) = O O
S O = O N O O
O O o Nk, O O

University of Antwerp —TI



53

Continuing for point py:

0000 0 0000
0001 1 1000
1220 0 0121
2001 (1) 1102
1221 1 1221
0001 1 1000
0000 0 0000
And finally for point ps:
00 0 0 0 00 0 0]
000 1 1 1011
1220 0 1221
20 0 1 (2)110 2
12032 1 1221
1101 1 1000
00 0 0 0 000 0

The maximum of 3 colinear points occurs for (8, p) = (—pi/4, —1). This corresponds to a line

y = ax + b (in Cartesian coordinates x and y witha = 1and b = V2.
Drawing the given points and the approximate line we found, results in:

y=1-x+(1.414214)

Note that the points don’t coincide with the line found. This is due to the quantization of the ¢
and p values introduced by the accumulator-cell algorithm.

Solution 8.4.4.3-2: Let’s start with an empty accumulator-cell matrix.

It counts 9 rows, one for every value of p, starting with p = 3 at the top and ending with

o = —3 at the bottom.

It counts 11 columns, one for every value of 6, starting with § = —7t/2 on the left and 0 = 77/2
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on the right. The center point (for (6, p) = (0,0)) has been circled.

00000 0 000 0 O]
00000 0 00000
00000 0 00000
00000 0 00000
00000 () 00000
00000 0 00000
00000 0 00000
00000 0 00000
00000 0 0000 O

Let’s take the first point p; and apply the Hough transformation to it:
—1-cosf@—1-sinf =p

Let’s fill out every value of 6 in this equation, such that we obtain the corresponding values of
o, that can be rounded to the given grid:

0 O Prounded

—7t/2 1.0000 0.75
—27/5 0.6420 0.75

—37/10 0.2212 0
—-n/5  —0.2212 0
-/10 -0.6420 —-0.75

0 —-1.0000 —-0.75
/10  —1.2601 -1.5
T/5 —1.3968 -15

3t/10  —1.3968 -15
2rt/5  —1.2601 -15

T/2 —-1.0000 —-0.75

These 6, p,,un404) Pairs can be used to increment the accumulator-cell matrix. This results in:

(00000 0 0000 O]
00000 0 00000
00000 0 00000
11000 0 00000
00110 () 00000
00001 1 00001
00000 0 11110
00000 0 00000
00000 0 0000 O
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Repeating the same procedure for p, results in:

O O O O © +H —= O O _000001200 O O O = O = N O O
o O O O © O NN © O o O O O O o n o O O O —+=H O O O onh o O
O O O O © —«H —= O O O O ©O O o N - O O OO O +H O O AN +H O O
O O O O © —«H —= O O O O ©O O = = - O O O O = O = - —= O O
O O O O © +H —«= O O O O O —+H O —«=H —= O O O O = = O —= —= O O
o O O +H O +H O O O O O = 4 O +H O O O O O = N O 4 O O O
O O O —«# = O O O O O O = = —= O O O O O O = = &N © O© O O
O O O —«w = O O O O O = O —=H - O O O O O = O = N © © O O
O O = = O O O O O o o N +H O O © O O O O N - O = O O O
_001100000_ _002100000_ _002101000_
"
QU
-
=
o
o
.. Q.
o -
QU o
— S
z £
B
2z 2
2 =
Y =
4 o
o
— Qo

And finally for point ps:

[0 0 0 0 0
00100
2201 2
11112

11110
00001

0
1
0
2

11110
10001

00230 (()01000

11201

1
0
0
0

11101
01000
10000

00000

11132
000O0O
00 00O
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The maximum of 3 colinear points occurs for (8, p) = (—t/5,—0) and (0, p) = (—47/10,-1.5).
This corresponds to lines y = ax + b (in Cartesian coordinates x and y with (a,b) = (1.3764,0)
and (a,b) = (-0.3249, —1.5772).

Drawing the given points and the approximate lines we found, results in:

y y =1.37641-x + (0)

y=-0.3249 - x + (-1.5772)

Note that the points don’t coincide with the line found. This is due to the quantization of the ¢
and p values introduced by the accumulator-cell algorithm.

Solution 8.4.4.3-3:  The list of values for 6 is straightforward. We can use 7 values and spread
them over the range [—7t/2, 71/2]. This leads to 8 = —7t/2, -7 /3,—-m/6,0,7w/6,7T/3, 7T/2.

The list of values for p is based on the rectangular bounding box, centered at the origin,
containing all points. This the box [—2,2] x [—2.5,2.5]. Half the diagonal of that rectangle
equals 4.2426. It makes sense to pick a maximal p that is near that value. E.g., let’s take 4. This
allows for taking as values for p = —4,-3,-2,-1,0, 1,2, 3,4. Of course, in real-world
applications it does not make sense to use rounded values, but in these type of
back-of-the-envelope exercises, it does.

Then, let’s continue with the empty accumulator-cell matrix.

It counts 9 rows, one for every value of p, starting with p = 4 at the top and ending with

p = —4 at the bottom.

It counts 7 columns, one for every value of §, starting with § = —7t/2 on the left and 6 = 77/2
on the right. The center point (for (6, p) = (0,0)) has been circled.

o O ©O O O O O oo O
O O ©O O O O O o O
OOOO@OOOO
O O ©O O O O O o O
O O ©O O O O O o O
SO O O O O o o o o

O O O O O o o o o
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000 (0)000

001 (0)000

001 (0)000

0010 110

Let’s take the first point p; and apply the Hough transformation to it, to update the

accumulator matrix. This leads to:

Repeating the same procedure for p, results in:

Likewise for pj:

Continuing for point py:

Solutions to the Exercises
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And finally for point ps:
(000 0 00O
100 0 00O
010 1 2 21
113 2 012
0110 110
110 1 101
100 0 100
100 1 011
011 0 00O

The maximum of 3 colinear points occurs for (6, p) = (—7/6,1). This corresponds to line
y = ax + b (in Cartesian coordinates x and y with (a,b) = (1.7321, -2).
Drawing the given points and the approximate line we found, results in:

y=17321-x+ (-Z

Note that the obvious line that can be drawn almost interpolating the three top points is not
found by the algorithm. This is due to the (to) coarse quantization of the values used for 6.
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