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System architectures

Single-buffer setup
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Convolution and FFT-convolution

2.1 Convolution

Generic discrete-time convolution Consider two signals x[#n] and y[n]. The convolution of these
two signals results in a signal z[n] defined as

+oo

z[n] = x[n]*y[n] = Y x[n—ilyli]

j=—o0

Discrete-time convolution with a time-limited-signal Consider a time-unlimited signal x[n] in
combination with a time-limited signal h[n] with length N, starting at n = 0 (i.e. causal). The
convolution x[n]*h[n] is a signal y[n] defined as:

N-1
y[n] = x[n]*h[n] = ) x[n—ilh[i]
i=0
or
= Y hin—ilx[i]

i=n—N+1

Discrete-time convolution of two time-limited signals Consider two time-limited signals x[n] and
h[n] with length M and N respectively, both starting at n = 0. The convolution x[n] *h[n] is a signal
y[n] of length N + M — 1, defined as:

min(N-1,n)
y[n] = x[n]*hn] = Y x[n — i1h[i]
i=max(0,n—M+1)
or
min(n,M-1)
hin — ilx[i]

i=max(n—N+1,0)




2.1. CONVOLUTION
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4 COLLECTION 2. CONVOLUTION AND FFT-CONVOLUTION
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FIR Filter Design

3.1 Zero-placement - Feedforward comb filters

x[n] ' & y[n]

o —l<ax<l:

_R-1
f=R+1
o |a>1:
_R+1
=

3.2 Impulse response invariance method

Approximate h(t) by:
h[n] = h(nTy) - wn]

with w[n] an appropriate window function.

3.3 Frequency sampling design method

1. Consider the spectrum from w = 0 to w = w,. Keep in mind that the spectrum is periodic.

N

sample the (frequency-domain) magnitude spectrum using N + 1 equidistant points, putting
the extreme points at 0 and +w,; assume the phase spectrum to be zero

calculate the corresponding time-domain impulse response using the iFFT

move the samples at # > N/2 to n — N to make the impulse response center-symmetric
shift the impulse response to make it causal

check the result using the FFT

finally check the result using a zero-padded FFT

N o 9w

*®

apply a window function to the resulting impulse response
9. check the result using the FFT
10. finally check the result using a zero-padded FFT



6 COLLECTION 3. FIR FILTER DESIGN

3.4 Optimal linear-phase filter design

FIR symmetry
FIR Length ~ Symmetrical Antisymmetri-
cal
Odd I I
Even II v

3.4.1 Least-squares method

Minimize
€ = [W(@) (JH(@)| - G(@))ll,

W is a center-symmetrical weighting function defined on [—7t, +71].

3.4.1.1 Design Method 1: grid approach

Assuming
LK]

H(®) = Z gnf (K —n) |omegal)
n=0

with f respresenting cos for filter types I and 11, or sin for filter types III and IV.
Pick a frequency grid [@q, @5, ..., @; ] ( with @; > 0, Vi) and solve:

AX =B
with for type I
f(Kay) fUK-1D@y) fUK-=2)@q) - f(@y) f(0)
f(Kap) fUK-=1@y) fUK—=2)@,)  f(@y) f(0)
A= f(Kwz) fUK-1Da@3) fUK—=2)w3) - f(wz) f(0)
fKap) f(K-Dawp) fUK=2dwp) - flwop) fO)
and
G(@n) qo0
G(d)z) q1
B=| G(w3) X =| 9
G((I)L) qk
for type III

f(Ky) fUK=1Dwy) fUK=2)dy) - f(oy)
f(Kap) fUK-=1awp) fUK=2)d,) i f(@y)
A=| f(K@3) f(K-Daw3) fUK=2)d3) - f(w3)

f(Kap) fUK-=1Dawy) fUK=2)dp) - f(or)

University of Antwerp — TI



3.4. OPTIMAL LINEAR-PHASE FILTER DESIGN 7

and
G(wy) 9o
G(w,) 7
B=| G(&3) X = 42
G(@r) gK-1

and gg = 0. for type Il and IV

f(Kawy) fUK=1wy) fUK=2)dy) - f(w1/2)
f(Ka@p) fUK=1dp) fUK=2)dy) | f(w/2)
A=| f(Kwz) fUK-Da@3) fUK=2)a3) - f(w3/2)

f(Kaop) fUK-=Daw) fUK=2)ap) - f(wr/2)

and
G(wq) Jo
G(@y) 7
B = G(CD3) X = ‘h
G(wr) gK-1/2

3.4.1.2 Design Method 2: integral approach

AQ =B
with
b(0) q(0)
b(1) q(1)
B= b(2) Q = q(2)
b(LK]) q(LK])
1 +7T
a(m) = —f W (@) cos(m@) d@
27‘[ —7T
A+ A
A= 2
with:
a(0) a(l) a(2) a(lK])
a(l) a(0) a(l) -~ a(lK]-=1)
A =| a2 a(l) a(0) - a(lK]=2)
| a(lK]) a(lK]-1) a(lK]-2) - a(0)
a(2K — 0) a2K — 1) a(2K —2) -« aK = |K))
a(2K — 1) a(2K —2) a(2K — 3) o aRK—=1K]+1)
Ay =| a@K-2) a(2K — 3) a(2K — 4) o a2K = K] +2)
| a2K — |K|) a@K —|K]+1) a@K—-|K|+2) - aK-=2[K])

DSP-SPS-2025-3.11 Digital Signal Processing — Signal Processing Systems — Formula collection



8 COLLECTION 3. FIR FILTER DESIGN

Special property of a(m)

DtFT

a(m) W (@)

Special property of b(k)
1 p+m 5 5 . .
bk = 5= [ W@G@)f (K =k)l@) di

For type I and II filters:

vy PEL WG o)

For type Il and 1V filters, use the generic formula above.

3.4.2 Parks-McClellan / Remez-exchange algorithm

Filter objective Minimize
€ = [W(@) (|H(@)] = G(@))ll,

The Remez-exchange algorithm

LK]
|H(x)| = Z rx"
n=0

.
X x2 xiK (=DY/W(xp) r°

Xp 3o e 2 (=1)2/W(xp) rl

X3 X3 e ngJ (=1)3/W(x3) 2

K ' "IK]

1 oxgee Xpee 0 Aigee DI Wk 0) 5

|G (x1)]
|G (x3)]
|G (x3)]

|G(x Kk j32)]

University of Antwerp — TI



3.4. OPTIMAL LINEAR-PHASE FILTER DESIGN 9

Given:
- [xp, xp]

- G(x) and W (x)
-1K]

Y

Choose arbitrary x; € [xp,xp]
fork=1,2,...,|K]+2

Y
| Determine § and H (x)
| using the Remez system

Y
Determine | K| + 2 extremal points

Alternation Theorem Satisfied?

Compute 7,

DSP-S5PS-2025-3.11 Digital Signal Processing — Signal Processing Systems — Formula collection
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IIR Filter Design

4.1 Zero-placement - Feedback comb filters

x[n] ‘0? > yln]

o —l<ax<l:

e |a| > 1: does not lead to stable filter designs.

4.2 Impulse invariance method

determine the analog filter’s transfer function H (s)

decompose H(s) using partial fraction decomposition

apply the inverse Laplace transform to obtain the continuous-time impulse k()
sample h(t) to obtain a discrete-time impulse response h[#n]

convert h[n] to H(z) using the Z-transform.

gather the complex-conjugate and real poles and zeros poles in biquad sections

make a parallel connection of all the biquad sections (using an extra summation node at the
output) to obtain the desired filter

N U e N

4.3 Bilinear transformation

H,z) = H 2z-1
a(z) = He SHTS2+1

2 T
w, Ttan(w‘; S)
S

2 ; w,T;
T arctan | —

Wy

10



4.4. REVERSE FILTERING 11

4.4 Reverse filtering

Time | X =y VM [ Time RN ey
xn] —= reversal & reversal |H<Z) I z[n]
results in:

X,y (cwy) [H(en)[?

DSP-SPS-2025-3.11 Digital Signal Processing — Signal Processing Systems — Formula collection
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Signal Transforms — Wavelets

5.1 The ball park

Theory of Wavelets
Discrete-time Continuous-time
Wavelets Wavelets
Discrete Wavelet Discrete Wavelet
Transform Packet Transform
(DWT) (DWPT)
Orthonormal Biorthonormal Orthonormal Biorthonormal
DWT DWT DWT DWT
Haar Daub-]J Coif-J CDF M/N Haar Daub-J Coif-J CDF M/N

(Walsh Transform)

5.2 Wavelet transforms

12



5.3. WAVELET CONSTRUCTION 13

f= H signal H
[ / \

1= [‘ 1-trend ‘ | ‘ 1-fluct ‘]
|, / . \

Gy = [‘ 2-trend ‘ 2-fluct ‘ | ‘ 1-fluct ‘]
s/ \ \ \

Gy = [‘3 trend‘ 3- ﬂuct‘ | ‘ 2-fluct ‘ | ’ 1-fluct ‘]
| Wy

5.3 Wavelet construction

The scaling signals on level 1 are generically defined by:

51,0 = [ X, X1, Xy, X3, 0, 0, O, 0, eey O, 0, Xy, 06_1]
S11 = [oc_z, a4, &y w1, &, a3, 0, 0 .., 0 0 O O]

51,2=[ 0, 0, an, aq, wag &1, &y Az, ..., 0, 0, 0, O]

gl,Ml—Z = [ O/ 0/ 0/ O/ 0/ 0/ O, 0, ey X, X1, Ny, 063]

Sl,Ml—l = [ Ko, N3, 0, O, 0, O, O, 0, ey Ko, (q, Xo, Dél:l

Note that the scaling numbers of the first scaling signal are centered on position column zero, such that
there’s one more scaling number to the right than there are scaling numbers to left. This specific
balancing makes sure that higher-order scaling base vectors do not drift to the right.

Similarly, the wavelets on level 1 are defined by:
Z_()JM1 = [ﬁO/ ﬁlr 132/ ﬁ3/ 0, 0, 0, 0, ..., 0, 0, ﬁ—Z/ 'B'l]

ﬂ)M1+1=[,B_2, Bai, Bor B, B2 PBs 0, 0, .., 0, 0, 0, 0]
‘(/_bM1+2:[ O/ 0/ ﬁ-Z/ ,B-lr ﬁO/ ﬁl/ ,82/ ﬁ3/ ceey Or 0/ 0/ O]

Z_Z]N—z [ O/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ eeey ﬁO/ ﬁl/ ,82/ ,33]

wN—l = [,BZI 53/ 0/ 0/ O/ 0/ 0/ 0/ eeey ,8-2/ ,B—lr ,BO/ ,Bl]

Recursion:

V

(2!
Il

5
n,i Z XkSn—1,2i+k

k

=Sy 12i-2 T X1Sp_12i-1 T &0Sy—1,2i T X15p-1,2i4+1 T X25;—1,2i42 T X35;_12i+3
Wnp,,+i = Z BiSn-1,2i+k
k
= BoaSn—1,2i—2 + BaSn-1,2i-1 + BoSu—1,2i + P15n—1,2i+1 + B2Sn—12i+2 + B3Sn—1,2i4+3

withi=0,1,...,M,, —1and
So,i[n] = é6[n —1i]

DSP-SPS-2025-3.11 Digital Signal Processing — Signal Processing Systems — Formula collection



14

COLLECTION 5. SIGNAL TRANSFORMS — WAVELETS

Daubechies-4 wavelets (Daub-4)

pr= 1 "

-1 — 4‘/5 -1 —
313

/30——4‘/E & =
ﬁ—3+‘/§ o
1= 4‘/5 1=
/3__1+\/§ o
2 — 4\/5 2 =

Daubechies-6 wavelets (Daub-6)
B.o = 0.0352262918857095

B.1 = 0.0854412738820267
Bo = —0.135011020010255
B1 = —0.459877502118491
B> = 0.806891509311092

Bz = —0.332670552950083

Coifman-6 wavelets (Coif-6)

a, = 0.332670552950083
a1 = 0.806891509311092
ag = 0.459877502118491

a1 = —0.135011020010255
a, = —0.0854412738820267
a3 = 0.0352262918857095

1%
16v2

5447

16v2

_14+2V7

16v2

14 — 247

16v2

1-+7

16v2

—3+47

16v2
L0, 0, 0 0 a, a]
., 0,0 0 0 0 0]
., 0 0 0 0 0 0]
. hp, &4, &y, &, Ho, 0]
., 0, 0, an, waq, ap, «xl]

347
Bo=-——1 Y wy =
16v2
1-7
1 = X1 =
16v2
14 —2\7
Bo=——"—"F— &g =
16v2
14 + 247
fr=—""— ayp =
16v2
5+ 7
B2 =— ay =
1642
1-7
B3 = a3 =
16v2
Cohen-Daubechies-Feauveau 5/3 (CDF 5/3)
g)Al,O = I:IX(), tx]/ aZ/ 0/ 0/ 0/
§A1,1 = [“—2/ a—l/ DCO/ “]r DCZ/ Or
§A1,2 = [ O/ 0/ KXo, K, “O/ X1,
Sam—2=[0 0 0 0 0 0
gAl,Ml—l = [“2/ 0/ 0/ 0/ 0/ Or

University of Antwerp — TI



5.4. WAVELET PACKET TRANSFORMS 15

Z’T)Ml = [,BO/ ,Bll ﬁZI 0/ 0/ Or seey 01 0/ 0/ 0/ Or 0]
?’_bAMl-}-] = [ 0/ 0/ ﬁO/ ﬁ]/ ,32/ O/ ceey 0/ O/ O/ 0/ 0/ 0]

Z-E]AI\I—Z = [ 0/ 01 0/ 0/ 0/ Or ceey OI Or ﬁO/ ,Bll ,BZr 0]

Ky=— Zg
1 1
=2 0=17;
3 1
& = \/_ 1 p1 = _\/_E
1 1
] = \/_Z D = \/_Z
Ky = — g
Cohen-Daubechies-Feauveau 9/7 (CDF 9/7)
., = 0.037828456
w5 = —0.023849465 B, = —0.064538887
a, = —0.110624404 B.1 = 0.040689418
wq = 0.377402856 Bo = 0.418092273
g = 0.852698679 By = —0.788485616
ry = 0.377402856 By = 0.418092273
r, = —0.110624404 B = 0.040689418
g = —0.023849465 By = —0.064538883
= 0.037828456
5.4 Wavelet packet transforms
f= H signal ‘ ]
l H] / \
& = T 1] F ]
| Hy / \ / \
& = || T 1] TF 1] FT 1] FF ]
b /N / N\ /\ / N\
¢ =[|_TTT | | | TTF || [ TFT ||| TFF ||| FIT ||| FTF ||| FFT ||| FFF ||
[ Ha
84 ==

DSP-SPS-2025-3.11 Digital Signal Processing — Signal Processing Systems — Formula collection



16 COLLECTION 5. SIGNAL TRANSFORMS — WAVELETS

5.5 Two-dimensional wavelet transforms

1-t | 1-h

f = signal — (=
1-v | 1d

5.6 Signal compression

Shannon’s source coding theorem for finite-length discrete-time signals
A signal f consisting of N samples, quantized into levels x; requires at least N - H (f) bits to be encoded
without losing information.

Definition: signal entropy
The entropy H of a discrete-time signal f, quantized into levels x;, with relative occurrence frequen-
cies denoted by p(x;) equals:

N 1
= S )

Scalar product Iff[n] =[...,f;,...],and g[n] =[..., g, -..], then

Fa)= > fm

i=—o0

Orthogonality ) )
18 = (f§)=0
Norm
Il = (7.7)
Distance

5.6.1 Decomposition of vectors in terms of the base vectors

>

f = Clgl + Czé)z + C3é)3 + ...

with
€= % <f'5i> G *1)
IE:]|

5.6.2 Parseval’s identity

2 512 ) 512
™ = leaP " + leal® &l + lesl 185" + -+

University of Antwerp — TI



5.6. SIGNAL COMPRESSION 17

Scalar product If f[n] =[...,f;,...],and g[n] =[..., g, -..], then

F8)= Y fm

i=—o0

Orthogonality R R
flg = (f.§)=0
Norm
Il = (7.7)
Distance

5.6.3 Decomposition of vectors in terms of the base vectors

>

f = Clé)l + ngz + C3g3 + ...

with

4

3]
-~

1 (}?,51) O? )

Ci

B H <gi/ i

N
~

5.6.4 Parseval’s identity

2 512 ) 512
™ = lea P67 + leal® &l + lesl 1857 + -+

DSP-SPS-2025-3.11 Digital Signal Processing — Signal Processing Systems — Formula collection
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