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Solution 2.4.1-1:
The drawing of the sine wave x(t) can be found below:

Its mathematical expression is:
x(t) =0.5-sin(27T - 200 - t) (V)

Note that though we wrote the unit at the end of the expression above, we did not write the unit Hz
inside the sine wave. We rarely write units inside the argument of a sine wave. However, they are
silently there, i.e. we assume the time ¢ is its value in seconds.

The period and the pulsation can be calculated to be:

1
T:f—,:Sms w =2nf =2m-200Hz = 1256.6rad/s

Solution 2.4.1-2:
A possible solution is:

(H) = 0.75V 2T, T o5y 20944 %107 -t — .
ft) =0. o8 | 370 ¢ ) =0 cos | 2. 5

assuming f is the value in unit s. We typically do not write these units inside the argument of a sine
wave. However, we silently imply they are there!
We could also use a sine wave to describ the same waveform:

£ =075V -sin| —2— - T =075V (20944 109 - t ”)
= U. -S| ——7r— — | = U. . . X N
M\ 3x10° " 3 cos 3

Solution 2.4.1-3:

The expression is:
2

X(t) = 0.5V - sin(?,—ig_?)(t ~05x 10—3>) = 0.5V - sin(2094.4 -  — 1.0472)

X

in which we assume the time ¢ to be in seconds.



2 CHAPTER 2. SIGNALS

Solution 2.4.1-4:
This is a graph of the square wave:

1 I  S— SR SR ;I SR— —
< 7 |
® -1 |

-2 \ \ \ \ \ \ —

-0.5 0 0.5 1 1.5 2 2.5 3

t (S) _1072
Solution 2.4.1-5:
The frequency f and symmetry s can be calculated to be:
S 333.333 MH
f=7= 3ns z
1
5= =0333%

3ns



Solution 3.3.4-1:
The first step is to rewrite this equation, such that the highest derivative of y is solved from this
equation:

ddy 2dy 1 1

—= = + oy —=x

dp Y

5dt ' 57 5
This results in the following block diagram:

1

5

E

ql
il

Solution 3.3.4-2:
The first step is to rewrite this equation, such that the highest derivative of y is solved from this
equation:

dy  _dy 1

az = a3y

This results in the following block diagram:

@l

Solution 3.3.4-3:
The first step is to rewrite this equation, such that the highest derivative of y is solved from this

equation:

This results in the following block diagram:
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Solution 3.3.4-4:
The signal at the input of the leftmost integrator is y”. Therefore:

"

3
y' = 4y’—§y+7rx

3
= y”+4y’+§y:71x

Solution 3.3.4-5:
The signal at the input of the leftmost integrator is y

"

. Therefore:

y!// — Syl/ _ 6yl + X
o y//I _ 3yll + 6y/ — nx

Solution 3.3.4-6:
The signal at the input of the rightmost integrator is y”. Therefore:

y' =5 =7y
=, yll_5y/+7y:0

Solution 3.3.5.2-1:
We know that the impulse response can be calculated as the derivative of the step response multiplied
by the unit second:

d sin(20t)
T
We need to remember that the coefficient 20 in the argument of the sine wave actually means 20 radians
per second! This explains the following:

h(t) =s

h(t) =20 cos(20t)
Solution 3.3.5.2-2:

Direct method
We know from our early lectures on analog electronics, that this circuit is a potentiometric divider,
therefore:

h=—T2 g
vour(f) = R +RZUIN( )
| o () = 8(t)

_ R
h(t) = o 5()

Indirect method
We first determine the step response. Given the potentiometric divider, we obtain:

R,
vour(t) = R 4R, u(t)
do (1)
j h(t) =s - OstT
R 1 R
b =s 750 s =’k +g, °®

The unit 1 over second in the bottom line is caused by applying the chain rule during the derivation of
u(1Hz - t) (which is the explicit version of u(t).



Solution 3.3.5.2-3:
Let’s first indicate some extra variables on the schematic:

i,N(t)<T> UR §R L gL
liR liL = iour(t)

We willuse these variables below.

Direct method
Let’s consider the three phases of the Dirac impulse.

t <0 = igyr(t) = 0 (as we assume that any energy in the coil will have dissipated itself in the
resistor R in the infinite amount of time until ¢ = 0)

t=0:

The current spike is infinitely high. As the coil resists conducting current, we may assume that
the amount of current that the coil experiences from the spike is finite. Therefore ‘the
infiniteness of the current’ fully goes through the resistor, leading to a voltage over the resistor

equal to:
vR(0) = 1kQ - 8() = 5(0) kV

This voltage spike will be integrated by the coil, based on the coil’s branch equation:
dip
dt
. 1 o
e i0=7 fo_ oR () dt

UL:L

O+
s i (0) = fo_ 5(t) kVdt = 1MA

10-3Vs/A

This is the initial condition for the next phase.

t>0= iOllT(t) =0:

Assuming v; = vg (KVL) with the voltage arrows pointing upward, and ig = —i; (KCL)
withe current arrows pointing downward, we can write the following (using the branch
equations):

diy
0 = LE
U, =0rp = RlR(t) = —RlL

Eliminating v; and keeping ior, this leads to:

dip .
LE + RZL =0

Solving this equation subject to the initial condition we calculated earlier, leads to:

Sl

() =1MA - e

with T =L/R =1ps.

Indirect method
Let’s first calculate the step response, and therefore we consider the two phases of the step

t <0 = igyr(t) = 0 (as we assume that any energy in the coil will have dissipated itself in the
resistor R in the infinite amount of time until ¢ = 0)



CHAPTER 3. SYSTEMS
o >0

As the current through an inductor cannot change abruptly (under normal circumstances),
we may assume i; (0) = 0. KCL on the top node, allows us to write:
iIN - iR + iL

Introducing the branch equations, keeping i; , leads to:

o _Ldip
NERE T

dip . ,

=3 T—dt + 1 =N

We know that for t > 0, ijy = 1, with the initial condition i} (0) = 0. Solving this equation
subject to this initial condition, leads to:

iL(h=(1-e7)-A
with 7 = L/R Deriving and multiplying with the unit second, yields us the impulse response:

di
W) =s- Sk = 5o

t t
L 26T A=1MA . e"7
dt Te ¢

Both methods lead to the following graph of the impulse response h(f):




Convolution

Solution 4.4-1:

0 ift<O0
y(t) = 1- e R ifo<t<1
e_%(e%c—l) ifl <t

Solution 4.4-2:

yt) = (sin wt — wRC cos wt + wRC e_'TtC>

1+ (wRC)?

Solution 4.4-3:
t —6 =
- _ RC
yih =-gee

Solution 4.4-4:
Below, you can find the proof:

Commutativity of the convolution operation
Consider two signals f and g. For these signals we can elaborate the following:

+o0
(Frg) () = [ fau)-g(t—u)du

| perform the following substitution: w = t —u & u =t —w & du = —dw
= [ ft - wigw)(-dw)

= f+:g(zv>f(t —w) dw

= (g*fHt)

Solution 4.4-5:
Below, you can find the proof:

Associativity of the convolution operation



8 CHAPTER 4. CONVOLUTION

Consider three signals f, g and /. For these signals we can elaborate the following:
(Frrin® = [ ([ fgtu - w)dw) net - uw du
= fj: jj:f(w)g(u —w)h(t —u) dwdu
| change the order of integration
= f_jf(w) fj:g(u —w)h(t —u) dudw
| substitute & = u — w in the inner integral

= [T f@ [ g@htt —a —w) da dw

=(g*Xh)(t-w)
+o0
= f, fw)(gxh)(t —w)dw
= (fx(gxh))(t)
|
Solution 4.4-6:
Below, you can find the proof:
The Dirac impulse §(t) is the neutral element for the convolution operation
Consider a signal f. For this signal we can elaborate the following;:
+oo
(F*80) (1) = [ st —w)du
| sifting property of the Dirac impulse
=f(t)
Given the fact that the convolution operation is also commutative, the Dirac impulse §(t) is a true neutral element
for the operation. |
Solution 4.4-7:
Below, you can find the proof:
Distributivity of the convolution operation
Consider three signals f, g and . For these signals we can elaborate the following:
+oo
(fr(g+m)(t) = f_ fu)y(g+h)(t—u)du
+oo
= f_ (F)g(t —u) + f)h(t — u)) du
+oo +oo
= f_ Fang(t—u) du + f_ Fanh(t —u) du
= (f*xg) (1) + (fxh) (1)
|

Solution 4.4-8:
Below, you can find the proof:

Simplification of the convolution integral for causal signals
Consider two causal signals f and g, i.e. f(f < 0) = 0 and g(t < 0) = 0. The convolution integral can be split into
parts:

+oo
(Fxg)(t) = [ fang(t—u du
0 t +oo
=[ f<u)g(t—u)du+fof(u>g<t—u)du+jt Fg(t —u)du

As u < Oresults in f(u) = 0, the integrand of the first integral is zero over its integration range. As
t—u<0et<u resultsin g(t — u) <0, the integrand of the third integral is zero over its integration range.



Therefore, the first and third integral amount to zero. Conclusion of this all:

t
(F*g)(t) = [ fung(t—u)du
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The Continous-time Fourier transform

Soluti'on 5.2.5-1:
k=—=12732
7T

Solution 5.3.1-1:
The trigonometric Fourier series coefficients are defined for k € Z™ as:

A zrm (wit) dt
k T _T2 COs( Wy

2 +T/2 d
Bk = T f—T/Z sm(wkt) t

with wy = 2kt /T.
Because of the fact that an integral of an odd function multiplied with an even function over a
symmetrical range equals zero, we must conclude:

AkZO

Therefore we can focus on By for k € ZF.

Given
3 3

2
and changing the integration range from [—T/2,T/2] to [0, T], we obtain

x(t) = te[0,2]

= j <— - —) sin(wyt) df, with wy =k

2 . 2 .
jo tsin(krt) dt — fo sin(krtt) dt

=0,YkezZ*

| prepare for partial integration

3m 1 (t=2

= L:o td(cos(krt))

| partial integration

=3 t krt)] kret) dt

=5 [cos(rf) —fcos(n)
=0,VkeZ}

= _ik (2 cos(2km) —0)

LN

11



12 CHAPTER 5. THE CONTINOUS-TIME FOURIER TRANSFORM

This leads to the following conclusion:

A =0, Vke zZ*

0, k=0
Bk:{‘3 ke zt

Solution 5.3.1-2:
The trigonometric Fourier series coefficients are defined for k € Z™ as:

2 ~+T/2

A = T f—T/z cos(wyt) dt
2 +T/2

By = T I—T/z sin(wyt) dt

with wy, = 2kmt/T.
Because of the fact that an integral of an odd function multiplied with an even function over a
symmetrical range equals zero, we must conclude:

Bk:0

In addition, it is easy to see that Ay = 0. Therefore, we can focus on A for k € Za‘ .
Given the symmetry of x(t) it is easy to reduce Ay to:

2 (T/2
Ay = ZT jo x(t) cos(wyt)dxt
|x(t)=—-4t+2, te€[0:1], and T =2and wy = k7t
=2 fol (—4t + 2) cos(krtt) dt
1 1
=-8 jo tcos(kmt) dt + 4 fo cos(krtt) dt
| prepare for partial integration (1st term) and integrate (2nd term)
1 (=1 ) 1 . t=1
= —8— L _, td(sin(knt)) + 47— [sin(k7t)]iZg

| partial integration (1st term)

—8 . t=1 ool 4 .
= ([tsm(knt)]tzo — intysin(krt) dt) + (sin(km) — 0)
=8/ k 0 1 ot =1 4 L
= sin(krr) — 0 — = [cos(kmt)],—y | + Esm( 7)
= L sin(km) + > (cos(km) — 1)
= = s (K7t (kn’)z cos(Krt

=0,keZ{
| o ke2zt +1
0, ke2z}
This leads to the following conclusion:
—16 4
A = "2’ ke2Zt +1
0, ke2z*

BkZO, k€Z+

Solution 5.3.3-1:
In the interval [0, 2], x(¢) can be written as:

x(t) = 3?71(1L -1)
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Therefore: 1 23
7T .
—- _ S —jkrrt
X, 2j0 (=D at
Let’s start by treating the special case with k = 0:
1 231
(jo = E J; —E—(t'— 1)(jt
_3n [tz t]z
412 0

3
:T(Z_Z_O+O):O

This is not surprising as we can see from the original graph that the DC value of the waveform equals
Zero.
Let’s continue with the more general case with k # 0:

3 2 .
X = Tn fo (t—1)eFTtdt

| prepare for partial integration
3 1
4 —jkr

| partial integration

t=2 .
f (t—1)de ikt
t=0

3j g2 2
_ _ —jkrt ] _ —jkct
=2 ([(t e rt] fo e dt)
3j a2 g 12
—_ _ —jkrt 1= _ —jkrct
= ([(t e ] i [e ]0)
=2 (e 1) - —— (e
4 \\—=—~ —jke \ ==~
3j

2k

To conclude:

0 k=0,
Xk:{ﬁ kez
2k 0

Now let’s use Octave/MatLas to check our result. We make use of the auxiliary functions specified in
the appendices of the course notes.

# generate the abcissa
t = linspace( -3, 3, 100 );

# generate the Fourier coefficients that we just calculated.
Cvec (1) = 0;
Cvec(2:101) = 3.*j./2./linspace(1, 100, 100);

# plot the result
plot( t, efsRF( Cvec, 2, t, 100 ) );

Solution 5.3.3-2:
In the interval [0, 2], x(¢) can be written as

{ 2 — 4t te[0,1]
x(t) =
—6 + 4t te[l1,2]

Therefore: . . 5
i _ —jkrt _ —jkrt
X, 200 2-4be dt+jl( 6+4f) e dt)
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Let’s start with the special case for k = 0:

1/ 1 2
Co=5 (jo 2 —4t)dt + L (—6 + 4t) dt) =
Now, let’s consider the more general case if k # 0:

1/ 1 . 2 4
i _ —jkrrt _ —jkrrt
X, 2(]() Q—4tye dt+j1( 6+4t)e dt)
| prepare for partial integration

j t=1 —jkrt —jkrrt
2kn(f (2—4tyde +j 2(—6+4nde

| partial integration

j —]kn’t —]knt —]krrt —]kn’t
= 5 ([(2 4t e +4j dt +[(—6 +4bye 4f dt

T 2%k
-
T 2%k

-
= 2kn

g jkrct 4 1k Skt _ T4 T Skt
([(2 4 el ”]O+E[e K]} 4 [(=6 + 40y e ”]1—E[e j ”L)
) ) i4 ) .
(( 2e ]kT[ 2) + (e ]kTL’ _ 1) + (ze—]k27r +2e—]k7'[) _ ]i_n(e—]kZTE _ e—]kﬂ.’))
. 4 )
(( —2e7H7 —2) + (e kT —1) +(2+2e—1k">—lz—n(1— e_]k”)>
We can further simplify this expression for k even:

Ck,even=2k (( -2 - 2)+_(1_1)+(2+2)——(1—1)>

=0
and for k odd: ) ) )
Coo=- ((+2-2) +ﬁ(—1—1)+<2—2) —ﬁ<1+1)
kodd = Dk krt kr
8
(krr)?

Summarized:

0 k e 2Z

Xk = 8
8 ke2Z +1
(k)

Now let’s use Octave/MatLAB to check our result

# generate the abcissa
t = linspace( -3, 3, 100 );

# generate the Fourier coefficients that we just calculated.
Cvec (1) = 0;

Cvec(2:51) = 8 ./ ( (linspace(l, 50, 50)*pi)."2 );

for i = 1:256

Cvec (2*i+1) = 0;

endfor

# plot the result
plot( t, efsRF( Cvec, 2, t ) );

Solution 5.3.3-3:
The exponential Fourier coefficients can be calculated using their definition:

1 —T/4 4 T '2km ket T/2 _16, T 2kt
X == f =|t+=]e) T +f 2757 i + e TP T gt
k T(—T/Z T( 2) T/4



15

Let’s consider the special case for k = 0:

1 ~-T/4 4 T/2 _16,_T
Xo== = dt —t2 “TED g
0T T (I_T/z T( ) +f +J.T/4 ¢
1(a72 1771 167t T (t=T/2  _16,_T
NEYIEN N e
T\{T[2 2 rp T 3 T4 16 Ji=T/4
1 T T T T T 16, 1.17/2
(L_L£_1 T _ b ——(t—ﬂ]
r((5-z-zem)(0em) sl

1

1
_____ — - (et =
+1> (0+ 12) 16(e 1) = 0.26969

|
VRS
R =
N —
N

Now, let’s consider the more general case if k # 0:

-T/4 4 2km km 1 (T/2 2k7rt
42 —] - (t 7) —]
Xje = TjT/Z T( ) T-fT/ th dt+TfT/4e dt

Qx Ry Sk

Let’s treat the terms Qy, R, and S separately to keep the calculations focused. We'll start with Q.

-T/4 4 . 2kt
Tt
Qe = T f T2 T ( ) € dt

| prepare for partial integration

2j ~-T/4 T _j2knt
(kch‘ -T/2 (H_E) de T )

| part1a1 integration

-T/4 _ .
YR
7TT 2 T2 -T/2
2 T\ e | GT 7 ey TU

A ([(sT) e Gad
knT |:( 2) :| 2k7T —T)2

-T2

2 T T\ 4% T TN jke\_JT (g5 ke
m(((‘z*z)e 2‘(‘§+§>e’ o (¢ - )
k
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Let’s treat R next:

CHAPTER 5. THE CONTINOUS-TIME FOURIER TRANSFORM

2kt
2 —F“’dt
Ry = T j T/4 T2
| prepare for partial integration
116 jT (t=0 2 g o2
= ___ T
T T2 2k L:—T/4 de
| partial integration
8j zkm 0 16j 0 . 2kmt
— 2T ] — )T dt
krtT? [ N —1/a  knT? f—T/4 ©
l prepare for partial integration
8  T? jx  16j jT O ke
- 95 ]]—f eI bt
knT?2 16 kT2 2krt J-1/4
| partial integration
j 8 [ _]_mt]o 8 0 —jkazy
A t T S — T “dxt
2kt + (kt)2T € —r/a (k2T f—T/4 ¢ :
Loty 2ot ST o)
—_—— — —_——_————— e
2kt (k)2 (kmt)2T 2k7t T4
S N L S R S | <_%”)
T 2krm + (k)2 (k)3 -
j 2 4j {km 4j
=|-5=+ + ez —
( 2kt (krr)? (kn)3) (k)3
And finally S;:
1 »T/2 16 T L2kt
S, == —TED T G
KT T ¢
= l Tz e_(lTé-'—jszn)t-'—% dt
T Jr)a

l prepare for integration
1 -T t=T/2
= s d
T16 + j2krt L:m ¢
2kt )t+£ ]

-1 [ —(164j2kn
— | €
16 +j2km
( —8—jk7r+£ _

T2

T/4
-1
16 + j2k7t

Now let’s use Octave/MartLaB to check our result

# generate the abcissa
T=4;

t = linspace( -T/2, T/2, 1001 );

# generate the Fourier coefficients that we just calculated.
k linspace(1, 100, 100 );

clear Cvec;

Cvec zeros( 1, length(k)+1 );

Cvec (1) 0.26969;
Cvec(2:101) += j. (k+1)
Cvec(2:101) += (-j./(2%k*pi) + 2
+ 4xj./((k*pi)."3)) .*x (j."k) - 4x%j
Cvec(2:101) += -1 ./ ( 16 + j*2%k*pi)
(exp( -4 -j*k*pi) - exp( -j * k *x pi / 2 ))

./ (2 x k x pi ) + (j.7k - (-1)."k )
./ ((k * pi)."2) ...

./ ((k*pi)."3);

R

# plot the result

plot( t, efsRF( Cvec, 4, t ) );

Solution 5.3.4-1:

Jkm
e—4—]7+

T
1

)

./ C ( k¥pi)."2 );



Using the conversion formulae, we easily obtain:

XO = 0
X = ji keZf
2k’ 0
. 3 +
X—k = _]ﬁ’ k (S ZO
Or when we allow k € Z:
XO =0
3
Xk = ]ﬂ, k S ZO
Solution 5.3.4-2:
Using the conversion formulae, we easily obtain:
XO = 0
-8 +
X, = G0’ ke2z* +1
0, ke2zf
-8 +
X =] Wor ke2z* +1
0, ke2zf
Or when we allow k € Z: .
X, = | @ ke2z+1
0, k e2Z
Solution 5.3.4-3:
In general:
A =X + X
By = j(Xj = X_g)
Given
X { 0 k=0,
k=1 3

this results in:
Ak = O

3 3
Bk:j<] ]>=—3/k, Vk € Z¢

2k -2k

Solution 5.3.4-4:
In general:

Ak = Xk + X—k
By =j(Xx — X_¢)

Given

this results in:

0,
Ap = 16

(km)*’

ke2Z
ke2Z+1

ke2Z*
ke2zt +1

B, =0, Vke Z§

17



18 CHAPTER 5. THE CONTINOUS-TIME FOURIER TRANSFORM

Solution 5.3.4-5:

+oo
x(t) ~ ) Xpeker!

k=—o0

| &% = cosa +jsina

~ Jio Xy (cos(kwnt) +jsin(kwnt))

k=—oc0

+oo

~ Xy + Z (Xg cos(kwqt) + X_j cos(—kewqt) + jXj sin(kwnt) +jX_g sin(—kwqt))
k=1

| cos(—a) = cosa and sin(—a) = —sina

+o00
~ Xo+ Z (X cos(kwqt) + X_g cos(kwyt) + jX sin(kwt) —jX_j sin(kwqt))
k=1

+oo
~ Xp + Z ( (X + X_g) cos(kwqt) +j (X — X_g) sin(kwlt))
Ag2 k=I\T A — 5

Solution 5.4.3-1:

2

+oco _ 17 (ot
X(w) = j e 22 ol gt
oo 2.
= I+ e 22 ' g

| complete the square

_ o )
\ substitute u = ; + 'izw
o2 2
wzaz oo
=e 2 a\/z f+ e’ du

=V

w2z72
=0cy2mwe 2

Solution 5.4.3-2:

X(w) = f+°° u(t) et e Wt 4t

= J‘+°° e_(“+jw)t dt
0

S P
a+jw t=0
-1 1
= 0-1) = —
a+jw a+jw

Solution 5.4.3-3:
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+oo .
X(w)= [ uhte e dt
= [T retior gy
0
l prepare for partial integration

a+jw Je=o

| partial integration

—1 . t=—4oc0 +oo .
— —(a+jw)t _ —(a+jw)t
a+jw ([te ]f:() fo ¢ dt)
- L —(a+jw)t =t
a+jw<(0 0 zx+jw[e ]f=0 )
-1
=—(0-1)
(@ +jw)?
_ 1
(@ +jw)?

Solution 5.4.3-4:
As we know that the signal x(t) is periodic, we can calculate its exponential Fourier series coefficients.
These are:

0 k=0,
= ke Zg

In addition we have an equation that allows us converting these harmonic numbers into a Fourier
transform: .
X(w) =21 Z X 0(w — wy)
k=—o0
We therefore obtain: 3
)
X =2 — -
(w) T Z % S(w — 7tk)
kez,

Solution 5.4.3-5:
As we know that the signal x(t) is periodic, we can calculate its exponential Fourier series coefficients.
These are:

Xk =

8 ke2Z+1
(k)

{0 ke2z

In addition we have an equation that allows us converting these harmonic numbers into a Fourier
transform: e
X(w) =21 Z X d(w — wy)
k=—o0

We therefore obtain: g
X(w) =21

5(cw — k)
keaze (kr)?

Solution 5.4.3-6:
2j : )
F(w) = 2 Qe 4 Ty
w
or after clever reworking:

Flw) = %(Sin(w) —sin(2w)) + jaz(cos(w) — cos2w))
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Solution 5.4.3-7:

F(w) = ].2—£ -1 —cos(w%))

Solution 5.4.3-8:
F(w) = %(sin(Zw) — sin(w))

Solution 5.4.3-9:

Ar—B _—jwB 1 _—jwB 1
F(w):E[We]w +Ee]w —

L

Solution 5.4.3-10:
F(w) =107 [8(w + 50) — 6(w — 50)]

Solution 5.4.3-11:

Flw) = 7

Solution 5.4.3-12:
Flw) = =
](U

Solution 5.4.3-13:

This integral does not converge. Add an extra convergence factor e~ witha € R} and afterwards
calculate the limiting case for a — 0. This leads to: F(w) = ZJLZ
wo—w

Solution 5.4.3-14:
The Fourier integral does not converge. There are two options:

1. Consider the transform of u(t) cos wyt and calculate the limit for wy — 0.

1+sgn(t)

2. Consider u(t) = 5

and use the transform of sgn(t) we determined earlier.

Note that considering A e~ u(t) EiN and letting 2 — 0 does not yield the correct answer. The

jw+a
reason for this is that the classical Fourier theory with functions is not consistent. One needs a Fourier
theory with distributions to make it consistent. We don’t go that far. However, the idea of working with

convergence factors is very useful as we will see when treating the Laplace transform.

Solution 5.4.4-1:
The time-frequency symmetry property tells us to interchange the rol of time-domain function and
frequency domain function, invert the frequency axis and multiply the frequency domain by 27.
Therefore:
1 R 27T 6 (—w)
which can be simplified to:
15 27 d(w)

Solution 5.4.4-2:

We know that: 1 d (sin (wyf))
_ 1 d(sin (wp
cos (wot) = oo dr

Time differentiation corresponds to multiplication with jw in the frequency domain. Therefore:
7 1
cos (wot) = —jw (i (8(w + wp) = 8(w — wp))
0

7 jw. jw
— l}—o]n dw + wy) — L}—O]n d(w — wy)
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The right-hand side of this relationship is only nonzero for w = +w,, more specifically, the first term is

nonzero for w = —wy, the second term for w = wy. This yields:
cos (wpt) % _]wojn dw + wy) — ]wﬂjn d(w — wy)
0 0

%, td(w + wp) + d(w — wy)

I (3(w + wy) + 8(w — wp))

Solution 5.4.4-3:

Multiplying the time scale with a factor k corresponds to dividing the frequency scale by k and
reducing the magnitude by a factor of |k|.

Therefore:

cos (%t) L 107 (0(10w — wyp) + d(10w + wy))

Solution 5.4.4-4:
A time delay over an amount ¢, corresponds to multiplication in the frequency domain with an

exponential of e 7*'o. Therefore:
e_j(UtO

—a(f— F
e =) u(t —ty) —
( 0) jw+«a

Solution 5.4.4-5:

We can write the Dirac impulse as:

1 dsgn(t)

2 dt

Time derivation corresponds to multiplication in the frequency domain with a factor of jw. Knowing
that

d(t) =

¥ 2
sgn(t) — ]E

this leads to 19
F . _

Solution 5.5.3-1:

jwL
() Hw) = ope (b)) H@) = gy
Solution 5.5.3-2: <C

— J¥ — 1
(a) H(w) = 1+jwRC (b) H(w) = —w2LC+jwRC+1

Solution 5.5.3-3:
(a) h(t) = 8(t) — m=e"RCu(t)  (b) h(t) = Fe R/ u(t)

Solution 5.5.3—41L:

L 4R
jChrw 2
H(w) = — R21

1+jC1 R w +R3

Solution 5.C5.g-(51é R
_ JGRiRetRy)w 1
H(w) = Ry(1+jC1Ryw) ~ 1+jCoR,w

Solution 5.5R3—6: LR
— N HCRw
H(w) = -g, " T5e/arpe
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Solution 5.5R.3-7: LeiCR TR wiR.R
H(aJ)=—R—4 +jCRyw JLRgwtRslkg

3 14/C(R1+Ry)w ~RsRg+/L(R5+Rg)w

Solution 5.5.3-(1‘!;:

2

JY= R RsC
H(w) = —=>~
J@o* Ree

CHAPTER 5.

THE CONTINOUS-TIME FOURIER TRANSFORM



The Laplace transform

Solution 6.4-5:

f0)y=2 and f(o0) =2
Solution 6.4-6:

v(0) =1 and v(c0) =0
Solution 6.4-7:

v(0) =0 and v(c0) =10
Solution 6.4-8:

f(0)=-2 and f(0) =0

Solution 6.7.3-1:
R=150,L = 0.2H,h(t) = 75e 100t y(¢), stable

Solution 6.7.3-2:
H(s) =

m, stable
S

Solution 6.7.3-3:
0.03s2 + 13121.6s + 102400
H(s) =

581 320 , unstable

Solution 6.7.3-4:

H(s) = , stable

s
(s +5)(s+20)

Solution 6.9.1-1:
We omitted the factors u(t).

23
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a) y(t) =4—2et
b) y(t) =3t +2)e

c) y(t) = (2—cost)et

d) y@t) = % [e7(5 —4cost —2sint) — e73f]

e) y(t) = %et —et4 %e_Zt
f) y(t) =% (12e* +13e~" — 10te™)

-2t

g) y() = e “cost

h) y(t) =4e* — ¢

Solution 6.9.1-2:
We omitted the factors u(t).

a) y=e

b) ¥y =5]o(t)

c) y=tet

d) y=sindt

d) y=3-sint
e) y=tet

f) y=3+2t+1¢2

Solution 6.9.2-1:
—Rs

CS(R1R2 + R1R3 + R2R3) + Rl

Solution 6.9.2-2:
-5 ) S 1
R T o T Rk

Solution 6.9.2-3:
R=5k0Q,C=05pF,L=1H or R=5k0,C=02pF,L=25H



Analyzing LTI systems — time domain

Solution 7.6.3-1:
i(ty = -3 —3e 08

Solution 7.6.3-2:
v, () =4 +2e72

Solution 7.6.3-3:
R=60) and C=0.25F

Solution 7.6.3-4:
h(t) = 1.25 x 107 (e=5000f _ ¢=25000ty (1)

Solution 7.6.3-5:
h(t) — 10323( e—lOOOOt _ e—320000t) u(t)

Solution 7.6.3-6:
h(t) = 10323 e~320000f _ 322 6 ¢=10000 yy ()

Solution 7.6.3-7:
h(t) = o(t) + (322.6 710000t _ 330323 ¢=320000¢y 1, (¢)

25
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CHAPTER 7. ANALYZING LTI SYSTEMS — TIME DOMAIN



Analyzing LTI systems — frequency domain

Solution 8.4.4-2:
The reasoning to calculate the required frequencies has been summarized below:

f, = —25dec = 1072° = 3.2mHz
fp = 0.3dec = 10°3 = 1.96 Hz
fp =2.9dec = 10%>° = 794Hz

Solution 8.4.4-3:
The frequency values have been indicated below:

fb fa fc
10-3 102 101 100 10! 102 103 104 105 f(Hzlog)

Solution 8.6.2-1:
The values can be calculated by setting s = jw and calculating the appropriate limiting cases.

Low frequency:

, . =5 1 o
lim Fljew) = lim, 275 = 34 180
) 20 1
hn})G(]w) = lim 100 = 540
—20jf
lim H(jw) = lim ——)_ = 0/ — 180°
w=0 w=0100(jw)3
High frequency:
10(jw)?
lim F(w) = lim I _1940°
w—Fo w—+o (]w)z
i \3
lim G(jw) = lim (].w) = +00/90°
wWw—+0co wWw—+0o (]w)z
N2
lim M =04 —270°

Jm H(jw) = lim (jw)5

Solution 8.6.2-2:

27
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Bode plot of H (s)

20 T T 1 1 171717 T T 1 1 1717171 T T T T T T 1717 T T T T T 717

(dB)

A(w)

-20
100 10! 102 108 104

180 T T 1 1 171717 T T 1 1 1717171 T T T T T T 1717 T T T T T 717

135 - N

)

P(w)

—135 |- n
—180 [ | [ | [ | [ | i
100 10t 102 103 10*

w (rad/s)

Solution 8.6.2-3:

Bode plot of H (s)

20 1T T 11717111 T T T 1771771 1T T 11717111 T T T 1771771 T T T T1T777T T T T 1777

(dB)

-20

A(w)

—40 Lo L Lo L Ll Lo

10-2 1071 10° 101 102 108 104

180 1T T 11717111 T T T 1771771 1T T 11717111 T T T 1771771 T T T T1T777T T T T 1777

135 |- i
90 - i

45
/§ O
3 —45

-90
—-135 *
=180 il [ R [ AR I R [ R
102 101 10° 10! 102 103 10*

w (rad/s)

Solution 8.6.2-4:



Bode plot of H (s)

29

—40 L1l L1 iiil LIl 111
101 10° 10t 102 103
ol T T 1717 T T T 1711 T T T 1711 T T T T1]
—45 |- i
3
<
—135 |- i
—180 IR L LIl RN
101 10° 10! 102 103
w (rad/s)
Solution 8.6.2-5:
Bode plot of H(s)
40 T T T T 177 T T T TTT] T T T 1177 T T T T 177 T 1117
)
T o
§ i
<
—60 N Ll I N LIl
102 1071 100 10! 108
—90 ‘\”\HH\ T T T TTT] T T T 1177 T T T T 177 T 1117
—135 - n
o 180 -
~ —225|- T
3
S =270 I
-315 |- o
=360 [ N Ll I \\\‘\”\.\‘\ [
1072 101 10° 10! 103
w (rad/s)

Solution 8.6.2-6:
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CHAPTER 8. ANALYZING LTI SYSTEMS — FREQUENCY DOMAIN

Bode plot of H (s)

40 -

T T T T T 11771 T T 1 LT T1T1] T T T T T 1177 T T T T 117171

20

(dB)

A(w)

—40 -

|

|

Ll

| Lo | Lol | Lol | Lol

102

101

10° 101 102 103

180 -
135 -
90

)
&
I

T T T T 117171 T T T 111771 T T T 1171771 T T T T 1717

P(w)
|
5
I

-90
—135 -
—180 |-

| Lo | Lol | Lol | Lol

102

Solution 8.6.2-7:

100 10! 10? 108
w (rad/s)

Bode plot of H (s)

20 -

(dB)

A(w)

-20

—40

Ll

T T T T 117171 T T T 111771 T T T 1171771 T T T T 1717

| Lo | Lol | Lol | L N

10-2

1071

10° 101 102 103

180 -
135 -
90
45 |-

)

—45
—90 |-
—135
—180

P(w)

T T T T 117171 T T T 111771 T T T 1171771 T T T T 1717

|

|

NN

| IR | L1l | Lol | Lol

10-2

Solution 8.6.2-8:

1071

100 10! 102 103
w (rad/s)
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Bode plot of H (s)

40 T T T 1711 T T T 1711 T T T T1]
~ 20 ]
/m
Z
— O B
3
< 20 .

—40 |- L1l L1 iiil LIl RN
101 10° 10t 102 103
180 [ T T 1717 T T T 1711 T T T 1711 T T T T1]
135 |- i
3
-
—135 - I
—180 - IR L LIl RN
101 10° 10! 102 103
w (rad/s)
Solution 8.6.2-9:
Bode plot of H (s)

a0 T T 7 T T T 1711 T T T 1711 T T T T1]
~ 20 ]
m
Z
—~~ O B i
3
< 20| .

—40 [ LI
101 103
—360 T T 1717 T T T 1711 T T T 1711 T T T T1]
—405 - m
~ —450 |- m
3
<
—495 - i
=540 [ L1l L1 iiil LIl [
101 10° 10! 102 103

w (rad/s)

Solution 8.6.2-10:
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Bode plot of H(s)

40 -

20

(dB)

A(w)

Lol

Ll

T

T T T 117171

T T T 111771

T T 17

T

IR

| Lol

L]

|

100

101

102

10%

104

360 |-

315 -

)

P(w)

225 |-

180

270 |-

T T T 171771

IR

T T T 171771

Ll

T T T 17177

IR

T T T T 17177

T T T 717

T

| Lol

10!

Solution 8.6.2-11:

100

101

w

102
(rad/s)

Bode plot of H (s)

108

40

20

(dB)

T T 1171771

T

A(w)

-20

—40

Lol

T

T T 1171717

Lol

T

T T 111771

Lol

| Lol

T

|

T T 17

I

10

100

10!

102

108

180
135
90
45

)

—45
-90
—135

P(w)

—180

|

Lol

|

|

Lol

T T 111771

T T T 17177

Lol

| Lol

T

|

T T 17

I

|

10

-1

Solution 8.6.2-12:

100

101

102
(rad/s)

108

104



Bode plot of H (s)
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40 -

20 -

(dB)

A(w)

10!

10° 10t

10%

108

180 |-
135 -

)

P(w)

—135 -
—180 |-

Solution 8.6.2-13:

10!

10° 10!
w (rad/s)

Bode plot of H(s)

10%

108

20

10

(dB)

A(w)

-10

-20

1072

10°

10!

102

90 |-
60 |-
30

)

¢(w)

-30

10-2

Solution 8.6.2-14:

101

100
w (rad/s)

10!

10%
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(dB)

A(w)

)

P(w)

CHAPTER 8. ANALYZING LTI SYSTEMS — FREQUENCY DOMAIN

Bode plot of H (s)

40

100

101 10% 108 104

—135

—180 |-

10!

Solution 8.6.2-15:

(dB)

A(w)

)

¢(w)

100

10! 102 103 10*
w (rad/s)

Bode plot of H(s)

10°

101 102 108 104

1071

100

10! 102 103 10*
w (rad/s)
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